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Abstract. This paper consists of two main sections. In the first part, we

give some general information about the almost contact manifold, α−Sasakian,
β−Kenmotsu and Trans-Sasakian Structures on the manifolds. In the second

part, these structures were expressed on the tangent bundle with the help of
lifts and the most general forms were tried to be obtained.

1. Introduction

1.1. Lifts of Vector Fields.

Definition 1. Let Mn be an n−dimensional differentiable manifold of class C∞

and let Tp(M
n) be the tangent space of Mn at a point p of Mn. Then the set [12]

T (Mn) = ∪
p∈Mn

Tp(M
n) (1)

is called the tangent bundle over the manifold Mn.

For any point p̃ of T (Mn), the correspondence p̃ → p determines the bundle
projection π : T (Mn) → Mn, Thus π(p̃) = p, where π : T (Mn) → Mn defines
the bundle projection of T (Mn) over Mn. The set π−1(p) is called the fibre over
p ∈ Mn and Mn the base space.
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1.1.1. Vertical Lifts. If f is a function inMn, we write fv for the function in T (Mn)
obtained by forming the composition of π : T (Mn) → Mn and f : Mn → R, so
that

fv = foπ. (2)

Thus, if a point p̃ ∈ π−1(U) has induced coordinates (xh, yh), then

fv(p̃) = fv(σ, θ) = foπ(p̃) = f(p) = f(σ). (3)

Thus the value of fv(p̃) is constant along each fibre Tp(M
n) and equal to the value

f(p). We call fv the vertical lift of f [12].
Let σ ∈ ℑ1

0(T (M
n)) be such that σfv = 0 for all f ∈ ℑ0

0(M
n). Then we say

that σ is a vertical vector field. Let

[
σh

σh̄

]
be components of σ with respect to

the induced coordinates. Then σ is vertical if and only if its components in π−1(U)
satisfy [

σh

σh̄

]
=

[
0

σh̄

]
. (4)

Suppose that σ ∈ ℑ1
0(M

n), so that is a vector field in Mn. We define a vector
field σv in T (Mn) by

σv(ι ζ) = (ζσ)v (5)

ζ being an arbitrary 1−form in Mn. We cal σv the vertical lift of σ [12].
Let ζ ∈ ℑ0

1(T (M
n)) be such that ζ(σ)v = 0 for all σ ∈ ℑ1

0(M
n). Then we say

that ζ is a vertical 1−form in T (Mn). We define the vertical lift ζv of the 1−form
ζ by

ζv = (ζi)
v(dxi)v (6)

in each open set π−1(U), where (U ;xh) is coordinate neighbourhood in Mn and ζ
is given by ζ = ζidx

i in U . The vertical lift ζv with local expression ζ = ζidx
i has

components of the form

ζv : (ζi, 0) (7)

with respect to the induced coordinates in T (Mn).
Vertical lift has the following formulas [10,12]:

(fσ)
v

= fvσv, Ivσv = 0, ηv (σv) = 0, (8)

(fη)
v

= fvηv, [σv, θv] = 0, φvσv = 0,

σvfv = 0, σvfv = 0

hold good, where f ∈ ℑ0
0(M

n
n ), σ, θ ∈ ℑ1

0(M
n
n ), η ∈ ℑ0

1(M
n
n ), φ ∈ ℑ1

1(M
n
n ), I =

idMn
n
.
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1.1.2. Complete Lifts. If f is a function in Mn, we write f c for the function in
T (Mn) defined by

f c = ι(df) (9)

and call f c the comple lift of f. The complete lift f c has the local expression

f c = yi∂if = ∂f (10)

with respect to the induced coordinates in T (Mn), where ∂f denotes yi∂if.
Suppose that σ ∈ ℑ1

0(M
n). We define a vector field σc in T (Mn) by

σcf c = (σf)c, (11)

f being an arbitrary function in Mn and call σc the complete lift of σ in T (Mn)
[3, 12]. The complete lift σc with components xh in Mn has components

σc =

(
σh

∂σh

)
(12)

with respect to the induced coordinates in T (Mn).
Suppose that ζ ∈ ℑ0

1(M
n), then a 1−form ζc in T (Mn) defined by

ζc(σc) = (ζσ)c (13)

σ being an arbitrary vector field in Mn. We call ζc the complete lift of ζ. The
complete lift ζc of ζ with components ζi in Mn has components of the form

ζc : (∂ζi,ζi) (14)

according to the induced coordinates in T (Mn) [3].

σcfv = (σf)
v
, ηv (σc) = (η (σ))

v
, (15)

(fσ)
c

= f cσv + fvσc = (σf)c,

σvf c = (σf)
v
, φvσc = (φσ)

v
,

φcσv = (φσ)
v
, (φσ)

c
= φcσc,

ηv (σc) = (η (σ))
c
, ηc (σv) = (η (σ))

v
,

[σv, θc] = [σ, θ]
v
, Ic = I, Ivσc = σv, [σc, θc] = [σ, θ]

c
.

1.2. Almost Contact Manifolds. An almost contact manifold is an odd-dimensional
C∞ manifold whose structural group can be reduced to U(x)×1. This is equivalent
to the existence of a tensor field ϕ of type (1, 1), a vector field ξ and a 1−form η
satisfying ϕ2 = −I+η⊗ξ and η(ξ) = 1. From these conditions one can deduce that
ϕξ = 0 and η ◦ ϕ = 0. A Riemannian metric g is compatible with these structure
tensors if

g(ϕσ, ϕθ) = g(σ, θ)− η(σ)η(θ) (16)

and we refer to an almost contact metric structure (ϕ, ξ, η, g). Note also that
η(σ) = g(σ, ξ).
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Let Mn be an almost contact manifold and define an almost complex structure
J on Mn ×R by

J(σ, f
d

dt
) = (ϕσ − fξ, η(σ)

d

dt
). (17)

A Sasakian manifold is a normal contact metric manifold. It is well known that
the Sasakian condition may be expressed as an almost contact metric structure
satisfying

(▽σϕ)θ = g(σ, θ)ξ − η(θ)σ, (18)

again see e.g. [1].

2. α−Sasakian and β−Kenmotsu structures on the tangent bundle

A α−Sasakian structure [6] which may be defined by the requirement

(▽σϕ)θ = α(g(σ, θ)ξ − η(θ)σ), (19)

where α is a non-zero constant. Setting θ = ξ in this formula, one readily obtains

▽σ ξ = −αϕσ (20)

Theorem 1. Let a vector field ξ, ϕ be a tensor field of type (1, 1), 1−form η
satisfying ϕ2 = −I + η ⊗ ξ i.e. η(ξ) = 1, ϕξ = 0 and η ◦ ϕ = 0. A α−Sasakian
structure on tangent bundle defined by

(▽c
σcϕc)θc = α((g(σ, θ))V ξC + (g(σ, θ))CξV − (η(θ))CσV − (η(θ))V σC),

where g is a Riemannian metric, α is a non-zero constant. In addition, if we put
θ = ξ, we get

▽C
σC ξ

C = −αϕCσC .

Proof. From (19) , we get the α−Sasakian structure on the bundle

(▽c
σcϕc)θc = ▽C

σCϕ
cθC − ϕC ▽C

σC θC

= α((g(σ, θ))V ξC + (g(σ, θ))CξV − (η(θ))CσV − (η(θ))V σC).

If we put θ = ξ, we get

(▽C
σCϕ

C)ξC = ▽C
σCϕ

CξC − ϕC ▽C
σC ξC

= −ϕC ▽C
σC ξC

= α(η(σ)V ξC + (η(σ))CξV − (η(ξ))CσV − (η(ξ)V σC)

= α((η(σ))V ξC + (η(σ))CξV − σC)

−ϕC ▽C
σC ξC = α(ϕC)2σC

▽C
σC ξ

C = −αϕCσC

□
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In particular the almost contact metric structure in this case satisfies

(▽σϕ)θ = g(ϕσ, θ)ξ − η(θ)ϕσ (21)

and an almost contact metric manifold satisfying this condition is called a Kenmotsu
manifold [6,7]. Again one has the more general notion of a β−Kenmotsu structure
[6] which may be defined by

(▽σϕ)θ = β(g(ϕσ, θ)ξ − η(θ)ϕσ), (22)

where β is a non-zero constant. From the condition one may readily deduce that

▽σ ξ = β(σ − η(σ)ξ). (23)

Theorem 2. Let ϕ be a tensor field of type (1, 1), a vector field ξ, 1−form η
satisfying ϕ2 = −I + η ⊗ ξ i.e. η(ξ) = 1, ϕξ = 0 and η ◦ ϕ = 0. A β−Kenmotsu
structure on tangent bundle defined by

((▽σϕ)θ)
C = β((g(ϕσ, θ))V ξC + (g(ϕσ, θ))CξV − (η(θ))C(ϕσ)V − (η(θ))V (ϕσ)C),

where g is a Riemannian metric, β is a non-zero constant. In addition, if we put
θ = ξ, we get

▽C
σC ξC = β(σC − ((η(σ))ξ)C). (24)

Proof. From (22) , we get the β−Kenmotsu structure on the bundle

((▽σϕ)θ)
C = ▽C

σCϕ
CθC − ϕC ▽C

σC θC

= β((g(ϕσ, θ))V ξC + (g(ϕσ, θ))CξV − (η(θ))C(ϕσ)V − (η(θ))V (ϕσ)C)

If we put θ = ξ, we get

−ϕC ▽C
σC ξC = β((η(ϕσ))V ξC + (η(ϕσ))CξV − (η(ξ))C(ϕσ)V − (η(ξ))V (ϕσ)C)

−ϕC ▽C
σC ξC = β(−(ϕσ)C + (η(ϕσ ))V ξC + (η(ϕσ))CξV )

ϕ2 ▽C
σC ξC = β((ϕσ)C − (η(ϕσ))V ξC − (η(ϕσ))CξV )

ϕ▽C
σC ξC = β(ϕCσC − ηV (ϕCσC)ξC − ηC(ϕCσC)ξV )

▽C
σC ξ

C = β(σC − (ηV σC)ξC − (ηCσC)ξV )

▽C
σC ξ

C = β(σC − (ησ)V ξC − (ησ)CξV )

▽C
σC ξ

C = β(σC − ((η(σ))ξ)C)

□

3. Trans-Sasakian manifolds on the tangent bundle

An almost contact metric structure (ϕ, ξ, η, g) on Mn is trans-Sasakian [9] if
(Mn × R, J,G) belongs to the class W4, where J is the almost complex structure
on Mn×R defined by (17) and G is the product metric on Mn×R. This expressed
by the condition

(▽σϕ)θ = α(g(σ, θ)ξ − η(θ)σ) + β(g(ϕσ, θ)ξ − η(θ)ϕσ) (25)
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for functions α and β on Mn, and we shall say that the trans-Sasakian structure is
of type (α, β); in particular, it is normal and it generalizes both α− Sasakian and
β −Kenmotsu structures. From the formula one obtain

▽σ ξ = −αϕσ + β(σ − η(σ)ξ), (26)

(▽ση)(θ) = −αg(ϕσ, θ) + β(g(σ, θ)− η(σ)η(θ)), (27)

(▽σϕ)(θ, Z) = α(g(σ, Z)η(θ)−g(σ, θ)η(Z))−β(g(σ, ϕZ)η(θ)−g(σ, ϕθ)η(Z)), (28)

where ϕ is the fundamental 2−form of the structure, given by ϕ(σ, θ) = g(σ, ϕθ).

Theorem 3. Let ϕ be a tensor field of type (1, 1), a vector field ξ, 1−form η
satisfying ϕ2 = −I + η ⊗ ξ i.e. η(ξ) = 1, ϕξ = 0 and η ◦ ϕ = 0. A trans-Sasakian
structure on tangent bundle defined by

(▽C
σCϕ

C)θC = α((g(σ, θ))V ξC + (g(σ, θ))CξV − (η(θ))CσV − (η(θ))V σC)

+β((g(ϕσ, θ))V ξC + (g(ϕσ, θ))CξV − (η(θ))C(ϕσ)V − (η(θ))V (ϕσ)C),
where g is a Riemannian metric, α, β are non-zero constants. In addition, if we

put θ = ξ, we get

▽C
σC ξ

C = −αϕCσC + β(σC − ((η(σ))ξ)C)

Proof. From (25), we get the trans-Sasakian structure on the bundle

(▽C
σCϕ

C)θC = ▽C
σCϕ

CθC − ϕC ▽C
σC θC

= α((g(σ, θ))V ξC + (g(σ, θ))CξV − (η(θ))CσV − (η(θ))V σC)

+β((g(ϕσ, θ))V ξC + (g(ϕσ, θ))CξV − (η(θ))C(ϕσ)V − (η(θ))V (ϕσ)C).
If we put θ = ξ and using the formulas of (8),(15), similarly we get

▽C
σC ξ

C = −αϕCσC + β(σC − ((η(σ))ξ)C).

□

Theorem 4. Let a vector field ξ, ϕ be a tensor field of type (1, 1), 1−form η
satisfying ϕ2 = −I + η ⊗ ξ i.e. η(ξ) = 1, ϕξ = 0 and η ◦ ϕ = 0. The term

(▽C
σCη

C)θC in a trans-Sasakian structure on tangent bundle defined by

(▽C
σCη

C)θC = −αgC(ϕCσC , θC) + βgC(ϕCσC , ϕCθC),

where g is a Riemannian metric, α, β is a non-zero constant.

Proof. From (27) , we get

(▽C
σCη

C)θC = ▽C
σCη

CθC − ηC ▽C
σC θC

= ▽C
σC (g(θ, ξ))

C − (g(▽σθ, ξ))
C

= ▽C
σCg

C)(θC , ξC) + gC(▽C
σCθ

C , ξC) + gC(θC ,▽C
σC ξ

C)

−gC(▽C
σCθ

C , ξC)
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= gC(θC ,▽C
σC ξ

C) = gC(θC ,−αϕCσC + β(σC((η(σ))ξ)C)

= −αgC(θC , ϕCσC) + βgC(θC , σC − ((η(σ))ξ)C)

= −αgC(ϕCσC , θC) + βgC(θC , σC − (η(σ))V ξC − (η(σ))CξV )

= −αgC(ϕCσC , θC) + β(gC(θC , σC)− (η(σ))V gC(θC , ξC)

−(η(σ))CgC(θC , ξV ))

= −αgC(ϕCσC , θC) + βgC(ϕCσC , ϕCθC),

where gC(θC , ξV ) = (η(θ))V and gC(ϕCσC , ϕCθC) = gC(σC , θC)−(η(σ))C(η(θ))V −
(η(σ))V (η(θ))C . □
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