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ON EXPONENTIALLY SEPARATED DIFFERENTIAL SYSTEMS

TAMASHA ALDIBEKOV

Abstract. Exponentially separated linear homogeneous system of ordinary
differential equations with continuous limited coeffi cients in critical cases of
Lyapunov exponents is considered. The generalized exponentially separated
linear system of differential equations with regard to a monotonically increasing
function is defined. It is established that if a linear homogeneous system
of differential equations is generalized exponentially separated, Lyapunov’s
generalized exponents are stable in a class of small perturbations.

The work of Perron [12], see also [11, p. 193, theorem 9] was a source of definition
of an exponential separation. Then these systems were studied in B.F.Bylov’s [6],
R.E. Vinograd’s [7], V.M. Millionshchikov’s [9], [10], Lillo’s [8] works. The definition
of an exponential separation has connection with the definition of an exponential
dichotomy D.V. Anosov [5]. Some information on the theory of Lyapunov’s gen-
eralized exponents is contained in Aldibekov T.M.’s works [1,2,3,4]. In the paper
[3] the definition of an exponential separation is spread to linear systems with un-
limited coeffi cients. In the present work using Lyapunov’s generalized exponents,
the subclass of linear systems with continuous limited coeffi cients is investigated,
where the definition of an exponential separated loses its meaning.
The class of linear homogeneous systems of differential equations is considered

ẋ = A(t)x (0.1)

where t ∈ I ≡ [t0,+∞), (t0 > 1), x ∈ Rn, A(t) is a continuous matrix of the
dimension n× n, satisfying to the inequality

‖A(t)‖ ≤ Kψ(t), (K > 0) (0.2)

ψ(t) is a continuous, positive, distinct from a constant, such a fixed function that
the function

q(t) =

t∫
t0

ψ(τ)dτ, q(t) ↑ +∞ as t ↑ +∞
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and satisfies to the conditions:

lim
t→+∞

ln t

q(t)
= 0, lim

t→+∞

q(t)

t
= 0, ln t < q(t) < t, at t ≥ t0 > t.

Note that Lyapunov’s exponents of the linear system (0.1) accept zero values,
i.e. a so-called critical case takes place.
The generalized exponent of a nonzero solution x(t) of the linear system (0.1) is

determined by the formula

λ[x, q] ≡ lim
t→+∞

1

q(t)
ln ‖x(t)‖

The generalized exponents of the fundamental system of solutions, in which the
sum of the generalized exponents of solutions is the smallest compared with other
fundamental systems of solutions, are called Lyapunov’s generalized exponents of
the linear system (0.1).
As a rule, Lyapunov’s generalized exponents of the linear system (0.1) are des-

ignated as follows
λn(A) ≤ λn−1(A) ≤ . . . ≤ λ1(A)

Definition 0.1. The linear system (0.1) satisfying to the condition (0.2) is called
generalized exponentially separated, if it has solutions x1(t), . . . , xn(t), such that
for all t ≥ s ≥ t0 the inequalities are fulfilled

‖xi−1(t)‖
‖xi−1(s)‖

÷ ‖xi(t)‖‖xi(s)‖
≥ Beα[q(t)−q(s)], i = 2, n

with some constants α > 0, B ≥ 1, q(t) =
t∫
t0

ψ(τ)dτ.

Definition 0.2. If the linearly perturbed system

ẋ = (A(t) + P (t))x (0.3)

where a continuous matrix of perturbation P (t), t ≥ t0 satisfies to the conditions

‖P (t)‖ ≤ Kψ(t) at t ≥ t0 and lim
t→∞

‖P (t)‖
ψ(t)

= 0,

has Lyapunov’s generalized exponents, which coincide with generalized Lyapunov’s
exponents of the linear system (0.1), we can say that the linear system (0.1) satis-
fying to the condition (0.2) has Lyapunov’s stable generalized exponents.

Theorem 0.3. A linear homogeneous diagonal system

dx

dt
= Ad(t)x, (0.4)

where
Ad(t) = diag{a1(t), . . . , an(t)}, ‖Ad(t)‖ ≤ Kψ(t), t ∈ I
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ai(t), i = 1, . . . , n; are continuous functions satisfying to inequalities:

ai−1(t)− ai(t) ≥ αψ(t), α > 0, t ∈ I, i ∈ {2, . . . , n};

has Lyapunov’s stable generalized exponents.

Proof. Note the perturbed system

dx

dt
= (Ad(t) + P (t))x (0.5)

in the coordinate form

dxi
dt

= ai(t)xi +

n∑
k=1

pik(t)xk, i ∈ {1, . . . , n}; (0.6)

It is known that from lim
t→∞

‖P (t)‖
ψ(t)

= 0 it follows that for any i ∈ {1, . . . , n},

k ∈ {1, . . . , n} the equality takes place

lim
t→∞

|pik(t)|
ψ(t)

= 0 (0.7)

Following the work [3, pp. 65-78] it is easily established that the linearly per-
turbed system (0.6) satisfying to the condition (0.7) has n linearly independent
solutions
xk = {x1k, x2k, . . . , xnk}, k = 1, 2, . . . , n; satisfying to equalities

a) lim
t→∞

xµk
xkk

= 0, µ 6= k, b) lim
t→∞

(
1

ψ(t)

x′kk
xkk
− ak(t)

ψ(t)

)
= 0

From b) it follows that for any ε > 0 there exists such T ∈ I, that for any t > T,
k = 1, . . . , n; inequalities take place

ak(t)− εψ(t) <
x′kk
xkk

< ak(t) + εψ(t).

Integrating, we receive

t∫
t0

ak(τ)dτ − ε
t∫

t0

ψ(τ)dτ < ln
|xkk(t)|
|xkk(t0)|

<

t∫
t0

ak(τ)dτ + ε

t∫
t0

ψ(τ)dτ.

Therefore, inequalities take place

1

q(t)

t∫
t0

ak(τ)dτ − ε < 1

q(t)
ln
|xkk(t)|
|xkk(t0)|

<
1

q(t)

t∫
t0

ak(τ)dτ + ε.
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From a) it follows that the k-th coordinate of the solution xk is the leader, which
implies that the equalities take place

lim
t→+∞

1

q(t)
ln |xk(t)| = lim

t→+∞

1

q(t)

t∫
t0

ak(τ)dτ = λk(Ad)

Here λ1(Ad), . . . , λn(Ad) are Lyapunov’s generalized exponents of the system
(0.4), besides they are different. Therefore, the fundamental system of solutions
x1, x2, . . . , xn organizes a normal base of the linearly perturbed system (0.5). There-
fore, by the definition

lim
t→+∞

1

q(t)
ln |xk(t)| = λk(Ad + P ), k ∈ {1, . . . , n};

are Lyapunov’s generalized exponents of the system (0.5) and the equalities take
place

λi(Ad + P ) = λi(Ad), i = 1, . . . , n;

Therefore, the linear system (0.4) has Lyapunov’s stable generalized exponents.
Theorem 1 is proved.

Theorem 0.4. The generalized exponentially separated linear system (0.1) satis-
fying to the condition (0.2) has Lyapunov’s stable generalized exponents.

Proof. By the definition the linear system (0.1) has solutions x1(t), . . . , xn(t),
for which at all t ≥ s ≥ t0 inequalities are fulfilled

‖xi−1(t)‖
‖xi−1(s)‖

÷ ‖xi(t)‖‖xi(s)‖
≥ Beα[q(t)−q(s)], i = 2, n (0.8)

with some constants α > 0, B ≥ 1.
Hence, it follows that the solutions x1(t), . . . , xn(t) have various generalized in-

dices, therefore from the property of the generalized indices it follows that they
organize a fundamental system of solutions of the linear system (0.1).
Let

xi(t) = ‖xi(t)‖ϕi(t) where ϕi(t) =
xi(t)

‖xi(t)‖
, i = 1, n.

and we present a fundamental matrix of solutions in an aspect

X = ΦD (0.9)

where

Φ(t) = [ϕ1, . . . , ϕn], |det Φ| > 0, D = diag(‖x1‖, ‖x2|, . . . , ‖xn‖)
The equalities take place

1

2‖xi(t)‖2
d‖xi(t)‖2

dt
=

(A(t)xi(t), xi(t))

‖xi(t)‖2
= (A(t)ϕi(t), ϕi(t)) = ai(t)

where ai(t), i = 1, . . . , n; continuous functions at t ≥ t0.
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Hence integrating, for any t ≥ s ≥ t0 we receive

‖xi(t)‖ = ‖xi(s)‖ exp

 t∫
s

ai(τ)dτ

 , i = 1, . . . , n; (0.10)

From (0.8), (0.10) it follows that

exp

 t∫
s

(ai−1(τ)− ai(τ))dτ

 ≥ B exp[α(q(t)− q(s))], i = 2, . . . , n;

This implies that the inequalities are fulfilled

ai−1(t)− ai(t) ≥ αψ(t), α > 0, t ∈ I, i ∈ {2, . . . , n}, (0.11)

Let us carry out transformation in the system (0.1) taking as a matrix of trans-
formation the matrix Φ(t)

x = Φy (0.12)

Then we receive the linear system

ẏ = D∗y (0.13)

where
D∗ = Φ−1AΦ− Φ−1Φ̇

Note that in the transformation (0.12), matrixes Φ(t), Φ−1(t) are continuous
limited, and the matrix Φ̇(t) is continuous and ‖Φ̇(t)‖ ≤ Kψ(t). Therefore, (0.12)
is the generalized Lyapunov’s transformation.
To the fundamental matrix X linear to the system (0.1) there corresponds the

fundamental matrix Y of the linear system (0.13) and from the equality

X = ΦY

it follows that
Y = Φ−1X (0.14)

Substituting (0.9) in (0.14) we have

Y = Φ−1ΦD = D = diag(‖x1(t)‖, . . . , ‖xn(t)‖)
or

Y = diag

‖x1(t0)‖e t∫
t0

a1ds

, . . . , ‖xn(t0)‖e
t∫
t0

ands


The equation has such a fundamental system of solutions

ẏ = Dy

where
D = diag(a1, a2, . . . , an)
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Therefore, owing to uniqueness the equality takes place

D∗ = D

Thus, the generalized exponentially separated linear system (0.1) satisfying to
the condition (0.2) by application of Lyapunov’s generalized transformation is re-
duced to a diagonal system satisfying to the condition (0.11). As Lyapunov’s gen-
eralized transformation keeps stability, from theorem 1 it follows that Lyapunov’s
generalized exponents of the linear system (0.1) are stable.
Theorem 2 is proved.

Example 0.5. Let us consider the linear system
ẋ = − 1

4
√
t
x+

sin t

t+ 1
y

ẏ =
cos t

t+ 2014
x− 1

2
√
t
y

, (t > 1)

Note that the linear system from diagonal coeffi cients of this system has Lya-

punov’s generalized exponents λ1(q) = −1

2
, λ2(q) = −1, where q(t) =

√
t and the

diagonal system is generalized exponentially separated, and the approval of the-
orem 2 is fulfilled. Therefore, this system has the same Lyapunov’s generalized
exponents. This implies that the system is stable according to Lyapunov.
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