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ABSTRACT

The spectral decomposition of the variance-covariance matrix for a balanced mixed analysis of
variance model is presented. The model consists of crossed and/or nested factors with either replicated or
nonreplicated.

1. INTRODUCTION

The spectral decomposition of a variance-covariance matrix (dispersion matrix)
V is useful for finding its powers V% where o is any real number. In particular,
a=~1, V'is useful for estimation or a=-1, V'? is useful for the
transforming a linear model to a model with i.i.d. error terms.

The problem has been discussed before by Searle and Henderson [1] and
Wansbeek and Kapteyn [2]. In both studies, it is supposed that the form of the
spectral decomposition of V is of the same form of V. Then they obtained
idempotent matrices in the spectral decomposition of V by equating V and its
assumed spectral decomposition.

However our solution is based on deriving an idempotent matrix from
eigenvectors for the corresponding eigenvalue in the spectral decomposition of V
without assuming any form of the spectral decomposition of V.

2. THE DISPERSION MATRIX

The variance-covariance matrix V for a balanced k-factor mixed analysis of
variance model is of the following structure

V=Y 1,Ny ¢))
d
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where d is a k-vector of zeros and ones. The summation is taken over 2¥ -elements.
The A4 are nonnegative parameters. Let d = (i,,i,,...,i; ) with i, or 1 for=1,2. k.
Then the matrix Ng in (1) are defined as
Ng =3 ®J2 @. 0¥}

with J? =1, where J, and I, are respectively a matrix of ones and an identity
matrix of order n, for r=1,2,.._k, the symbol ® denotes the Kronecker product of
malﬂcﬁlse full rank of (1), leading that all eigenvalues of (1) are nonzero, is provided
by Ny oo =15 where I, , is an identity matrix of order Hf:rn, . A linear
space generated by the columns of (1) is the sum of linear subspaces generated by
the columns of 2* matrices of order I_[;n, given by I, . Nog o1,--Nip_11 and
then is spanned by the set of basis I;, .Ngy g1, Nq1_11- However the basis for any
Nj;, ;, are the linear combination of the basis for I, , . Asa result, a linear space

generated by the colummns of (1) is spanned by the set of basis for I, .

3. THE SPECTRAL DECOMPOSHTION
Let t,t;,..t, be denoted by t with t =0 or 1. The 2* (possibly) distinct

eigenvalues of (1) given by [1] are:
b= S @

with multiplicity Hf=1 (o, - and where x:; is the eigenvalue of the matrix Jir
given by

i
X! =
i

0 if t,=0
n if ;=1
with multiplicity (n, -1)'"* if i, =1. xit‘r =1 for t, = 0] with multiplicity n, if i,=0.

An eigenvector v, for x¥ will be:

Eax k=12..n,-1 if t, =0
vy, = 3)
1, it 1, =1

and g“rl’Enr2""’€nrnr"1’Ti—-1" is an orthonormal set, 1,isa n, x1 vector of ones.
T

Let
V=V, Oy, @ .Bv, . “@)
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Then v, is an eigenvector for ¢4 in (2) since Jy'v; = XZ v, and

Ngve = (3} ®J72 ® .. Q Xy, ®vy, ®..® vy )
=J:1vtl @J?vt2 ®...®Jik“vt];
= xi‘lvtl ®x.gvt2 635...®xit‘1‘(vtk = (xzxg...xt‘; Ve @ vy, & By ).

Consequently,

Vg =) AgNgvy = beve -
d

Let P =v, vy forr=12,..k where v in (3) is an eigenvector of Jir and
M, = v,v; where v, in (4) is an cigenvector of (1). Then both P, and M, are
idempotent matrices and the spectral decomposition of (1) is:

V=) M,
t
where
M, =P, ®F, ® _OP, (5)
with
‘;;"ﬂ.-:"'l .
i ngn,ef;,e if t,=0
=1
4 - ©
T y .
F]?Jr if t,=1

sider & matrix 1, +J, having cigenvalues 1 with multiplicity n, -1 and

+n, and ihic respective orthonormal cigenvectors &, 4, £=12,...n, -1 for 1 and

/ fwf i, . Then the spectral decomposition of I, +J; is:

n,-1
L+J = anrff;tl +(1 +nr)nLJr 1G]
=1 : T
Using (7),(6) can be rewritten as:
L-LJ if =0
Ptr = (8)
;17.1, if t =t
where the rank of P, is (n, ~1)'"" . From (5) with (8), it can be seen that M, has
rank Zle(nk - and MM,. =0 for t=t*

Consider a mixed model representing an experiment that is replicated ny-times. (1)
can be rewritten as
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V = ;\.0000 I]1 +Z)\.de B ' (9)
d

since Age_ oo 1S positive and My, 0 18 Zero for at least one of nonzero t. where
=12, k-1. Here d=(ii,..i; ;) with i=0 for r=0,1,.. k-1, the summation on the
right hand side of (9) is taken over 2! -clements and

Ng=J10I2®. RII®J,.
It follows that (2) can be;

9 =Doo_00 2 MaXjixT XK x, (10)
d
From (10), éy, .+, ,0="Aoo.00 With multiplicity

1

-1 Y H(n -t ‘r—(nk—l)Hn

titg.. b 1—-0 r=1
So 2x! -eigenvalues of (9) are the same and equal to the smallest eigenvalue Ay oo -
The corresponding idempotent matrix for Ay, o will be

M & -3-3,)

. k-1 .
where a matrix My, of order [] ~, is:

1
M,,;= )PP ®. 9P,

ity b =0 .
with
1
rank(M, ;)= Zrank(l’tl Jrank(P,, )-.rank(B, ;)

Yyt =0

1 k-1
= > e -pt —H Z(nk -pi —Hn
tty.ty =0 r=1 =1 t,=0

Then M,; is an identity matrix since the full rank idempotent matrix is unique and
equal to-an identity matrix.
The eigenvalue of (9) is of the form

x _ o i iy ke (
Fiytytyy = Ptytyityy1 S Aoo..00 T dext Ry Ry, - an

Then the spectral decomposition of (9) accordmg to 2°'+1 {(possibly) distinct
- eigenvalues of (9}is:
V =2%00..00 T12.x11 @y —n‘—ka)

1
+ Z ¢:1t2...tk_}Pll ®l‘t2 ®. . OF

t—1
ity by -1

oLy, 12)
ny
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where I, 1, is an identity matrix of order Hf:_:n, and P, isin(8).

4, CONCLUDING REMARKS
The spectral decomposition of V provides easily the computation of V* for any real
o since
V= Z(b?Mt
t

where ¢, and M, are defined in (2) and (5) respectively.
The nonnegative parameters A, in (1) correspond to variance components.

From (2), the eigenvalues of the variance-covariance matrix is the linear
combination of variance components. It is not necessary to recompute the spectral
decomposition of V* where a new variance-covariance matrix V* is obtained by
removing some Ay ’s from V. It can be obtained by removing the corresponding

rq s from the spectral decomposition of V.

A half number of eigenvalues of V are same and equal to the smallest
cigenvalue when there is a replication. In this case, the summations in both (11) and
(12) are taken over 2% instead of 2% This facilitates the computation of the spectral
decomposition of V.

5. AN EXAMPLE
Consider the two-way random cffect model yy =p+a;+bj+o+ep, i=12,...m,

j=12,.,n,, k =12,...,n; where
a; ~ N(0,62), b; ~ N(0,06%), ¢ ~ N(0,062), e ~ N(0,57)
and they are independent. The variance-covariance matrix for this model is:
V=6L;8J,8J1;80},®L,0J,80 L, 01,01;®c’; 8L, 0L

where I, and J, for r=1,2,3 are a n, xn, identity matrix and a n, xn, matrix of ones
respectively.

Define gy =62, hog; =92, Aop1 =02, Ao =02 and the other A4’s are zero.
The 2 eigenvalues of V are:

¢t1t2t3 = é ;“ilizisxitllxitixié
ijigiz=0
= hoop +hoo1Xey +ho11Xe, Xey +Ay01X Xy

where x; =0 if t, =0,%, =n, if t, =1 forr=1,2.3. Then
doo0 = Po10 = P100 = P110 = 2000 > D01 = Rooo *+B3hoo1 P11 = Pooo +3roor + D283 o115
9101 = Agoo *+D3hoos + D3Aagr, D11 = Moo +D3hoor +0ylzdier + 1030011 -

The spectral decomposition of V is:
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1 1

V=000 I12 @3 ——J3) + 9o L O L, ® —J3
n3 n3

1 1 1

+001 i -—3H)®—I, 8 —J;

h n, n3

1 1 1
o0 —h O -——J1)@—J;
m ny ng
1 1 1
n 1y ng
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