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ABSTRACT

In this paper, an explicit characterization of each of the separation properties T, T,
PreT,, and T, is given in the topological categories of Prebornological Spaces and Bornological
Spaces. Moreover, specific relationships that arisc among the various T, PreT,, and T, struc-
tures are examined in these categories.

1. INTRODUCTION

Let E be a category and Sets be the category of sets.

L1. Definition. A Functor U: E — Sets is said to be topological or
E is a topological category over Sets iff the following conditions hold:

1. U is concrete i.e. faithful (U is mono on hom sets) and amnestic

(if U (f) = id and fis an isomorphism, then f = id).
2. U has small fibers i.e. U-1(b) is a set for all b in Sets.

3. For every U-source, i.e. family g;: b — U(X;) of maps in Sets,
there exists a family f;: X — X in E such that U(fi) = g and if
U(hi: Y - Xj) = kgi: UY - b - U(Xj), then there exists a lift k: Y —
X of k: UY - UX i.e. U(k) = k. This latter condition means that every
U—source has an initial lift. It is well known, see [3] p. 125 or [5] p. 278,
that the existence of initial lifts of arbitrary U-source is equivalent
to the existence of final lifts (the dual of the initial lifts) for arbitrary U-
sink.

L2. Definition. A Prebornological Space is a pair (A, F) where
F is a family of subsets of A that is closed under finite union and con-
tains all finite nonempty subsets of A. See [4]p. 530. Furthermore,
if ¥ o~ @ and F is hereditary closed, then (A, F) is called a Bornolo-
gical Space [4] p. 530 or [6] p. 1376. A morphism (A, F) » (A, Iy)
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of such spaces is a function f: A -» A such that f(C) e F; if C e F.
We denote by P Born and Born respectively, the categories so formed
and by P Born*, the full subcategory of P Born determined by those
spaces (A, F) with @ ¢ I'. [4] p. 530. The categories PBorn, P Born*,
and Born are topological over sets. See [4] p. 530.

1.3. The discrete structure (A, F) on A in (P Born, P Born*),
Born is the set of all (nonempty) finite subsets of A. See [4]. p. 530.

1.4. A source {fi: (A, F) > (A;, Fy) i €I} is initial in P Born,
P Born*, and Born iff F = (B/B < A, fiB ¢ F; for all i}. See [4]
p- 930.

1.5. An epi morphism f: (Ay, F{) - (A, F) is final in P Born or
PBorn* (resp. Born) ff F = {f(B)/B e F{} (resp. F = {B/B < A
and B < f(C) for some C € ¥{}).

An epi sink i, i: (A, F) > (A, Fy)} is final in P Born or
PBorn* (resp. Born) iff F| = {B/B < A, and B is (resp. contained in)
a finite union of sets of the form iy (C) with C ¢ I', k = 1, 2}. See [4] p. 530.

1.6. Lemma, Suppose f: X > Y is a morphism in P Bormn,
PBorn*, or Born. If f has finite fibers i.e. f~1(y) is a finite set for ali
y in Y, then freflects discreteness i.e. if Y is discrete, then so is X.

Proof: See [1] p. 6.

Let X be a set and X2 = X x X be the cartesian product of X
with itself. X2V X2 (two distinct copies of X2 identified along the diag-
onal). A point (x,y) in X2VA X2 will be denoted by(x, v); ((x, ¥)2)
if (%, y) is in the first (resp. second) component of X2V X2, Clearly
(% ¥)1 = (% y)2 iff x=1y. [2] p. 3.

L.7. Definitions. The principal axis map, A: X2Vp X2 - X3 is
given by A(x,¥y); = (x,y,x) and A(x,y), = (%, %, y). The skewed
axis map, S: X2Vp X2 > X3 is given by S (x,y); = (%, y,y) and
S (x,y)2 = (x, x,y) and the fold map 7v: X2Vp X2 - X2 is given
by V(x,y)i = (x,y) for i =1, 2.

Let U: E - Sets be topological and X an object in E with UX = B.
1.8. Definitions.

1. X is T, iff the initial lift of the U-source 1A: B2V B2 —
U (X3) = B3 and 7/: B2V}, B2 = U D (B2) = B2} is discrete.
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2. X is T iff the initial lLift of the U-source lid: B2VAB2 -
U (B2VA B2) = B2V B2 and /: B2Vp B2 U D (B2) = B2
is discrete, where (B2V 7 B2)’ is the final lift of the U-sink {iy, io: U (X2)
— B2 B2V,B2

3. X is Ty iff the initial lift of the U-source {S: B2V, B2 U
(X3) = B3 and V: B2Vp B2 > U (D (B2) = B2 is discrete.

4. X is PreT, iff the initial lift of the U—sources A: B2V B2 -
U (X3) = B3 and S: B2Vp B2 » U(X3) agree.

5. X is PreT’, iff the inital lift of the U-source S: B2Va B2 —»
U (X3) and the final lift of the U-sink ij, i: U (X2) » B,VA B2

agree.
6. X is T, iff X is Ty and PreT,.
7. X is T, iff X is Ty and PreT’,.
8. X is AT, iff the diagonal, A, is closed in X2. See [1] p. 8.
9. Xis ST, iff the diagonal, A\, is strongly closed in X 2. See [1]p. 8.

1.9. Remark, We define w;; by m; -+ =j: B2VA B2 -~ B, where
7;: By — B is the ith projection i = 1, 2. Note that m;A = =y; = ©;S,
TyA = Ty = 7S, WA = 7;; and 7,8 = my;. When showing that
A and S are initial, it is sufficient to show that (7i;, 7y and 7y,),
and (1, 7y and 7y,) are initial lifts, respectively. See [2] p. 13.

2. Separation Properties

In this section, we give explicit characterizations of the generalized
separation properties for the topological categories of P Born, P Born*,
and Born.

2.1. Lemma. If 7: (B2V) B2, K) > (B2, K;) is in any one of
P Born, P Born*, or Born, where K, is discrete structure on B, then
K is discrete.

Proof: This follows from 1.6 since the fibers of 5/ are finite.

2.2. Theorem. All objects in P Born, P Born* or Born are T,
Ty, and T).

Proof: This follows from 2.1 and Definition 1.8.
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2.3. Theorem. X - (B, F) in P Born or P Born* is PreT, iff X
is strictly hereditary closed ie.ifg A2V < Uand U € F, then V € F.

Proof: Suppose X is PreT; i.e. by 1.4 and 1.9 for any subset W
of the wedge if myy WeF and =y WeF, then =, W eF iff
oo W € F. We must showthatif @ 4V < U,then Ve Fif UeF. If
V = U, then cleartly Ve F. If @ 2V £ U and V < U, then let W
=(VxU)VU-VxV) and note that ny; W=U¢eF, my; W
=UeF, 5 W=U y V=UeF, and ;o W=V y V=1V,
Since X is PreT,, it follows that w1, W = V ¢ F.

Conversely, we shall show that if X is strictly hereditary closed,

then X is PreT, ie. if W = UVV is any subset of the wedge with
1 W=mn;U uyunrn VeF, 7py W= 1n,U u =n VeF, then
w2 W=mUU n, WeFiff n,, W=, Uymn,V eF.Tothis end,
assume 7w{; W and 7oy Warein F.If U= ¢ # V,then nyip =7, V
cFiff i) W=n,VeF. IfU% o =V, then ty; W=m; UeF,
my W=mn,U¢ecF and consequently m, W =m; UeF iff n;, W
=n, UeF. If U£ £V, then 71 W=mn; U U =y VeF
and 7,y W=mnUy =; VeI imply by assumption that =; U,
ny U, my VeF and consequently, mjp W=m, Uy n, VeF iff
T W=mn,U Uy nyVeF. If Xisin P Born and U= g =V,
then W = gand if 7\, W= 0 =ny; WeF, then tj; W= g
e F iff n;p W= @ e F. This completes the proof.

2.4. Theorem. X = (B, F) in P Born or P Born* is PreT’; iff X

is hereditary closed.

Proof: Suppose X is PreT’; i.e. by 1.4, 1.9, and 1.5 for any subset
W of the wedge (a) i W e F, ny; WeF, and =y; W e F iff (b) W
= ;W U i,W, for some W, W, € F2 where F2 is defined by N e
F2iff ry N € F and =, N € F. We will show thatif UeFand V <« U,
then Ve F. If V="U, then VeF. If V£ U and V < U, then let
W = V2V (U-V)2 and clearly n;y W = U =m,; W=mp, WekF.
Since X is PreT’,, it follows that W = i, WU i,W, and consequently
Wi = V2eF2 Thus, 7yW;=VelF.

Conversely, suppose X is hereditary closed. We will show that
X is PreT’, i.e. (a) and (b) are equivalent. To show (b) implies (a)
note that if W = i;W; U i,W,, then clearly w;;W = 7, W U 7 W3
eF, my, W=mn,W, U riW,eF, and 7, W=7, Wy U ®muWp €
F (since W and W, are in F2iff 7;W, € F and =,W,; € F, and (W,
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e ¥ and n,W, € F). On the other hand, if W = UVV, where U, V
are subsets of B2, and W =mUy m;VelF, m3W=mUy
mVeF, and =W = n,U y =,V € F, then, by assumpticn mU
and 7;V are in F for all i = 1 2. and consequently, U, V are in F2,
Clearly, W = 1 UVi,V and thus (a) implies (b). Therefore (a) and (b)
are equivalent ie. X is PreT’,.

2.5. Theorem. X = (B, F) in P Born or P Born* is T, iff X is
strictly hereditary closed i.e. if @ %=V < U and U e ¥, then V ¢ F.
Proof: Combine 2.2, 2.3, and Definition 1.8.

2.6. Theorem. X = (B, I) in P Born or P Boern* is T'; iff X is
herediatary closed.

Proof: Combine 2.2, 2.4, and Definition 1.8.

2.7. Remark. In P Born and P Born*, PreT’; and T, imply
PreT, and T,, respectively.

2.8. Theorem. Every object in Born is PreT,, PreT’,, Tz, and T',.

Proof: This follows from the fact that X is heredidary closed.

2.9. Theorem, Let X = (B, F) be in P Born, P Born* or Bom.
X is AT, iff B= & or a point.

Proof: [1] p. 17.

2.10. Theorem. All X in P Born, P Born*, or Born are ST,.

Proof: [1] p. 17.

2.11. Remark. Except for AT,, all of the other separation pro-
perties defined in 1.8 are equvialent in Born. Some of the “T,"" structures
could be equal while others could be different. For example, in Born,

T’,, ST, and T, are all equivalent and all are implied by but are different

from AT,.In PBorn and P Born*, T’, and T, are equivalent, are implied
by AT,, and imply ST,.

BORNOLQJIK VE PREBORNOLOJIK KATEGORI UZAYLARINDA
AYRILMA AKSIYONLARI
OZET

Bu cahgmada, Bornolojik uzaylar ve Prebornolojik uzaylarmnda
Ty, Ti, Pre T, ve T, ayrilma ézelliklerinin her birinin acik bir karakte-
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rezisyonu verildi. Bundan baska, bu kategorilerde degisik Ty, Pre T,
ve T, yaplan arasmda ortaya c¢ikan 6zel iliskiler incelendi.
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