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ABSTRACT:

In the present note we generalize the results of Popa [6] to give some unique fixed point
results in Hausdorff space for mappings satisfying the conditions of the type used by Fisher [1],
Khan [2,3], Mukher]ee and Som [4] and Pal and Maiti [5] in metric spaces.

INTRODUCTION:

Recently Popa [6] gave three unique fixed point results for map-
pings on a Hausdorff space. In what follows we further give scme uni-
que fixed and common fixed point results for the mappings under the
conditions similar to that of Fisher [1], Khan [2,3], Mukherjee and
and Som [4] and Pal and Maiti [5].

Main Results

Theorem 1. Let T be a continuous self mapping of a Hausdorff
space X and let f be a continuous function of X x X into the set of n-n-
negative reals such that

(a) f(xy) 0, Vx#yeX
(b) Any one of the following two conditions is satisfied for all x,
yeX

@) f(xTx) + £ (7.Ty) <af(xy)l <a <2

* Supported by CSIR, SRF-Grant for preparing the paper.



216 TANMOY SOM AND R.N. MUKHERJEE
f (x,Tx) f (y,Ty)}
f (Tx,Ty)
with Tx 2 Ty and 1 << o << 2

(¢) 2 (xy) < (xx) + £ (yy) Vx #£yeX,
(¢) £2 (xy) < f(£x) £ (yy). Vx # y e X.

or (ii)

+ £ (Tx,Ty) < o f (xy)

If for some X, the sequence {xn} = {Tox,} has a convergent sub-
sequence, then T has a unique fixed point in each case (i) and (ii).

Proof: When case (i) is satisfied we get,

f (x0, Txo) + f (x1, Tx1) < a f (x0, x1)
or, £ (x1,%x2) < (a—1) f (x0, x1) < F (x0, X1)
Similarly in case (ii) we have

f (x0, Txo) f (x1, Tx4)
f(Txo, Txy)

+ f(TXo, TX1 (g o f(Xo, X])

or, f (Xl, Xz) < (U——].) f (Xo, Xl) < f (Xo, X]).

By doing the above process again and again, we obtain in both the
cases (i) and (ii) ,
o (xe, x1) > (x1,%2) > (X2, x3) > el (1)

which is a monotonic sequence of positive real numbers and therefore
converges to some u € R* with all its subsequences converging to the
same point u. Further let {xpc} S {xa} converges to some x € X.
Then since T is continuous, we have

Tx — T lim % = lim Txp, — lim xng, 1
and Tzx =T (Tx) =T lim xp ;1 =lim xp, ;2
This further gives that

Cf (x,Tx) = f (im x5, lim xp, 1)
= hm f (Xng, Xn1) =0

= lim £ (Xng4 1> Xngr2)

={ (Tx, Tx) .
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Now in each of the cases (i) and (ii) we have
f(x, Tx) 4 f (Tx, T2x) < o f (x, Tx)
or, f(x, Tx) < («—1) f (x, Tx)

f(x, Tx) f (Tx, Txx)
f (Tx, Tzx)

or, f(x, Tx) < (a—1) f (x, Tx)

and © £(Tx, T2x) < a f (x, Tx)

which are contradictions unless x = Tx and hence Tx = x, i.e. x is a
fixed point of T. To prove that fixed point is umque, let ¥ £ x be ano-
ther fixed point ,then (i) and (ii) gives,

£(x Tx) + £ (v, Ty) < f (x, y)
or, f(x,%) + f(yy) <af(xy) <2f(xy)

f (x, Tx) f (v, Ty)
f (Tx, Ty)

f (Xa X) f (ye Y)
f(x)

or, £(x %) £(y,y) < (1) £2(x,y) <f2(x,y) -

and

+ £(Tx, Ty) < o f (x, )

+i(xy) <af(xy)

These contradict the assumptions (c) and (c¢’) respectively and hence
the result.

In what follows we give a common fixed point theorem for two
mappings on a Hansdorff space. )

Theorem 2. Let T: and T, be two continuous self mappings of a
Hausdorff space X and f be a continuous function of X x X yinto the set
of nonnegative reals such tchat

@ fxy) =f@F. v, VxyeX

(B) £(x,y) %0,V x #£yeX -
(¢) Any one of the following two conditions holds for all x, vy ¢ X
() fTx)+fy Toy)<af(xy,l<a<2

(11) f(X, T, X) f(Y’ T, Y)
- (T, Tay)

+f(Tix. Tox) < af(x,y)



218 TANMOY 50M AND R.N. MUKHERJEE

with Tix £ Toyand 1 <o < 2.
(d) 2f (x,y) <f(x x) +E(y.y),Vx#yeX,
(@) f2(x,y) <f(xx)f(ny),Vx#yeX.

Further if for some x o, the sequence {xp} defined by T1 x2n = X211
and T X2, 1 = X2p,2 for n = 0,1,2, ..., has a convergent subsequence
of the type {x(zp;1)n}, where p € N is fixed and n € N, then T, and
T, have a vnique common fixed point in X.

Proof: From (c) (1) and (i) it is easy to show that
f(xo,x1) > f(x1,%x2) >Ff(X2,X3) > .ovvnnnnn. e

as given in the proof of Theorem 1. Let this sequence {f (xn, Xn;1)} <
R+ converge to some u € Rt. Further let {x(sp,.1)n & Xn converges to
some x € X. Consider the subsequence {X(2p,1)2n,} of {xX(2p,1)n}. Since
T, and T, are continuous, we have

Tix =T lim x(2p,1y2n’ = lim X(2p, 1)2n/41
T,Tix =T, lim x (2py1)2n’r1 = lim X(2p,1y2n°42
Now,
f (x, Tix) =f (im X(2p, 1) 2n” lim X(2p1y2n”41)
= lim f (x(2ps1)20” X(2p+ 1) 20"+ )
= lim f (x(2p; )20’ 12 X(2ps1)20'+2)
‘ =f (T, T.Tx) .
Then from (¢) (ii) we have

f (x, Tix) £ (Tix, T.T x)
f (T 1X, T 2T 1X)

or, f(Tix, T.Tx) < (a—1) £ (x, Tx)
or, f(x, Tix) < (a—1)f(x, Tix)

which is a contradiction unless x = Tx. Case (i) gives the same result
and thus Tyx = x. Further considering {x(2p,1)20’+1} as a subsequence

+ f(Tix, T.Tix) < af(x, Tix)

of {X(2p;1)n}, we obtain T,x = x in a similar way and thus x is a com-
mon fixed point of Ty and T». Uniqueness of the fixed point can easily
be proved in cases (i) and (ii) under the conditions (d) and (d’) respecti-
vely in an analogous manner as proved in Theorem 1.
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Now we extend our result for a finite set of mappings T, T, ..., Tk.

Theorem 3. Let Ty, T, ..., Tx be a set of continuous mappings of
a Hausdorff space X into itself and f be a continuous function of X x X
into the set of non-negative reals such that

(a) f(xy) =f(yx), Vx,yeX

(b) f(xy) #0,Vx#yeX

(¢) Any one of the following two conditions is satisfied ¥V x, y € X
@ f(x, Tix) +£(y, Tiyry) <ef(xy)l <o <2

(11) f (X’ TiX) f (y7 Ti+ 1Y)
f (Tix, Ti,1y)

withTix £ Tisyand 1 <o < 2and Ty,: =T,
(@) 26 (xy) < £ (k%) + F (ry), Vx £y e X
(d) f2(xy) <f(yy)hVxs£yeX

If for some x, € X, the sequence {xp}, defined as

+ £ T(ix, Tiyay) < e f (xy).

X1 :T1X0,X2 :T2X1, ............ s Xk :Tkxk+1

Xkt 1 =T1Xk, Xkt 2 =T2xk+1, ....... s XKk =T1;X2k_1

Xnk+1 = T'1 Xnk, Xnkr2 = Toxpr,1; oo Xk = Te¥ns ko1
forn = 0,12, ...... , has a convergent subsequence of the type {X(mk.1)n}>

where m, n € N with some fixed m, then Ty, T, ...., Tx have a unique
common fixed point.

Proof: From (c) (i) and (ii) we respectively get

f (Xnk, Tlxnk) + f (Xnk+ is T2Xnk+ 1) <of (Xnkv Xnk+ 1)
or, f(Xnky1, Xnky2) < (@—1) f (X, Xnky1) < £ (Xnks Xnkye1)
and

f (Xnk, T 1Xni) £ (Xnk; 1, Toxnpk,1)
f(T1 xnk, T2 Xnk, 1)

+ £ (T ixnk. T2xnx1)

< o f (Xnk, Xnk;1)
or, f(Xnk;1, Xnk2) < (1) f (Xnk, Xpky 1) < f (Xnk, Xnky1)
both of which imply that

f (xn_1, Xn) > £ (Xp, Xny1), 0 = 1,2, ...,
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The rest of the proof that T, T, ..., Tx have a unique common
fixed point in both the cases (i) and (ii) goes in a similar fashion as that
of Theorem 2 by considering consecutive pairs of mappings each time
and that each consecutive pair has a unique common fixed point by the
same argument. and hence the result.

In what follows we give some more results where the mappings
satisfy a rational inequality of the type given by Fisher [1], Khan
[2,3].

Theorem 4. Let T be a continuous self mapping of a Hausdorf{ space
X and let f be a continuous function of X x X into the set of non-negative
reals such that

(@) £(y) £ 0,V x £y e X
(b) Any one of the following two conditions is satisfied
Vx,yeXwithf (x, Tx) + f(y, Ty) 20

f(x, Tx) . £(y, Ty)
f(x, Tx) + £ (y, Ty) i

i) £ (Tx, Ty) <e 0<e <2

.. b f(x, Tx) + e (y, Ty)}2
@£ T 1) = T+ 10, Ty)

where b, ¢ > 0 with a = max {b,c}: a2 <}

() 2f(x,y) 2 f(x.x) +f(y,y),.Ve#FyeX

If for some xo € X, the sequence {xn} = {Ty x,} has a convergent
subsequence, then T has a unique fixed point in each case (i) and (ii).

Procf: The proofs for (1) and the unicity of fixed points go as fol-
lows. The rest part of the proof is analogous to that of Theorem 1. We
have for case (i)

f (X1, Xz) = f(TXo, TX1)

< © f (x0, Txo) f (x1, Tx1)
= f(xo, Txo) + f (x1, Tx1)

- cf(xo, x1) f(x1,x2)
= f(xo, x1) + f(x1, x2)
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or, f(xo, x1) + f (x1, x2) < ¢ f (X0, X1)

or, f(x1,x2) < (e—1)f (x0, x1) <f (x0, x1)

Similarly f (x2, x3) < f (%1, x;) and so on.

For showmg unicity in this case let Tx = x ‘and Ty =7y,
x 7= y. Then from (i)

£ (xy) = £(Tx, Ty)
< ¢ f (x, Tx) f (v, Ty)
= T To T £, 1)

e _2f(0x) . f(y,y)
= fxx)+f(yy)

(£(x,%) + f(y.y)}2 — £ (xx) — £y}
2 [f (x%) + £ (3. )]

£ (x,x) + f(y,y)
2

<

or, f(x,y) <

or, 2f(xy) <f(xx) -+ f(yy)

which contradicts the condition (c) of the theorem and so x = y In
case (i) we have s

f (Xl, Xz) = f (TXo, TX])

{b f (Xo,’TXo) +ecf (X1, TXl)}Z
L f(Xo, TX()) +f(X1, TX]) .

{af(xo, x1) + af(x1,x2)}2
A f(Xow x1) + f(xl, X )

or, f (x1, X2) < f(xo,X1) < f (x0, X1)

1
and similarly f (x>, x;) < {(x1, X2) and so on.
To prove uniqueness let Tx =x and Ty =y,
x 7 y. Then from (ii), we have
£ (xiy) = £ (Tx, Ty)
_ faf(e Ty +af(y, Ty)p
S R o v
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fxy) < [f(xx) + £ (y.y)]
which again contradicts condition (c) and therefore x = y.

Next we state two unique common fixed point results for two map
pings T4, T: and for the set of mappings T, T, ..., Ty satisfying a ra-
tional inequality similar to that of the previous Theorem4.

Theorem 5. Let T1 and T, be two continuous self mappings of a
Hausdorff space X and let f be a continuous function from X x X into
the set of nonnegative real numbers such that

(a) f(xy) =f(y,x),Vx,yeX

(b) f(xy) # 0, ¥Vx#yeX

(c) Any one of the following two conditions holds for all x, y € X
with f (x, Tix) + f(y, T2y) %0

f (x, Tx) f (y, Tay)
f(x, Tix) + £ (v. Tay)

b f(x, Tix) + ¢ f (v, T2y)}2
f(x, Tix) + £ (y, Tzy) ’

where b > 0, ¢ > 0 with a = max {bye}raz <}

(d) 2f (x,y) > f (x,x) + f (ysy).Vx#yeX.

Further if for some x, the sequence {xp?, defined as x25,.1 = T1x2n
and %25, 2 = Toxsp,1.n =0,1, ..., has a convergent subsequence of the
type {X(2p,1n}, where p € N is fixed and n € N, then Ty, T, have a
unique common fixed point.

0<e<2

(i) £ (Tix, Tay) < e

(i) f (Tx, Tay) <

Theorem 6. Let Ty, T, ..., Ty be a set of continuous mappings of a
Hausdorff space X into itself and let f be a continuous function from
X x X into the set of nonnegative reals such that

(a) f(xy) =f(yx), Vx,yeX
(b) f(xy) #0,Vx#£yeX
(c) Any one of the following two conditions is satisfied for all x,

y € X with f (x, Tix) 4 f (y, Ty, 1) £ 0

f (x, Tix) f (y, Ty, 1y) 0<c<2

O 1T Ted) < T6 T + 16 Ty =
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. T {b f (x, Tix) + ¢ £ (y, Ti,1y)}2
(@) £ (T, Topry) < f(x, Tix) + f (v Ti,1y)

¢ > 0 with a = max {b,c}: a2 < } and Tx,1 = T

(@) 2f(x,y) = f(xx) + f(y.y), Vx FyeX

/
L

If for some x, € X, the sequence {x;} as defined in Theorem 3 has
a convergent subsequence of the type {X(mk1)n}, where m,n € N with
m fixed, then Ty, T», ..., Ty have a unique common fixed point.

The proofs of the above two theorems follow from that of Theorem
4 combining with that of Theorem 2 and Theorem 3 respectively.
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