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ABSTRACT

In this paper the author treats a poissonian queue with the following three properties: Balking,

Reneging and Heterogenity. A modified queue discipline to the classical one 1 st in 1 st out
(FIFO) is used with a more general condition, In fact this paper is a continuation and more

generalization to the works done by many researchers such as: Abou ~ El ~ Ata, Singh, Krishna —
moorthi and others.

1. INTRODUCTION *

In fact this work was early studied by many researchers in case of
only one property. Krishnamoorthi [3] considered a poisson queue with
heterogenity and two alternative queue disciplines one with slight and
the other with a great modification of the classical one (FIFO). Singh [5]
analyzed a Markovian queue with balking and heterogenity with a mo-
dified queue discipline but different than those of Krishnamoorthi.
Abou ~ El — Ata [1] considered a Markovian queue with both balking
and heterogenity with a modified queue discipline of both Singh [5] and
Krishnamoorthi [3]. In fact he had generalized both of their works.

In this paper the author adds a more third property (n-1) « due to
the reneging factor. This means that the author treats a truncated pois-
son queue (capacity N) with balking, reneging and heterogenity. A mo-
dified queue discipline of both Singh and Krishnamoorthi is used with
a more general condition. In fact and really this work is a generalization
of most of the previous works.

2. Analyzing of the problem

Consider the truncated two-channels queue: M /M /2 /N with balking,
reneging and heterogenity. The arrivals are poisson distributed with mean
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rate % and the service times are exponentially distributed with mean
rates y;, 1 = 1,2. The queue discipline considered is:

(i) If both channels are free, the top unit of the queue goes to
channel I with probability w; or to channel 1T with probability

ki) (TCI Jr Ty = ].)
(ii) Tf one of them is free, the top unit goes to it.

(iii) If both channels are busy the top unit waits until the 1 st one
is free and then goes to it. The new coming unit joins the queue
with probability B (i.e the unit balks with prob. 1-8). Any unit
in the queue leaves it with probability [(n-2)e], n = 2 ()N,
{which means it renges with prob. (n-2) «}.

Let us define the probabilities:
Po (t) = poo (t) = prob. {there is no unit in the system at time t}
Pio (t) = prob. {there is one unmit in channel I at time t}
Po1 (t) = prob. {there is one unit in channel II at time t}
pu (t) = prob. {there are n units in the system at timet,n =2 (1) ...}
Also: p; (t) = p1o (t) + por (1), and; p2 (1) = pu (1)

As in the usual arguments of the 3-technique the steady-state probability

difference equations are:

— Apo -+ @1 P1o T #2Po1 =© n =0 (1)
— O+ w1) Pro + w2 P AT po =0

n=1 (2)
— (A 4 p2) Por + w1 Py FATaPe=10
— Br+wp2t (@ w)ps+2rpr =0 n =2 (3)
—_ [(37\—{—\U.—}—(n-2)oc]Pn+[M—{—(n-l)aPnH-}—ﬁ?\Pn_i:0, N-1>n>2 (4)
— [+ (N-2) 2] px + Prpy_g =0 n =N (5)

Where: v =y + po.
Adding the 1s_t four equations in (1), (2) and (3)
We get:
(w+a)p3-frpr =0 (6)
From (3) and (6) we have:
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0 = (1 + 2) p3—BAps = py—2p
ie CpP2=pp1 (7
From: (2) and (7) we find:
MA A (1 + wo) T

- , and;
P1o o1 2 A p1 + pa] PO

Pol = AN+ (1 o) T p
ot wo 22+ py + pa] O

Therefore: p; = A Po ’ 8)

. Ay + po) [ 4 pr o + pa ]
Where: A =
o 12 (2N - gy o)

_ At T 4 g ] Lo = . 9)
wip2 (2p 4 1) ¢

From (4) and (6) we can get:
[+ (2~1) 2] popr =B 2pn = [ + (0-2) «] p™ B pn_y
=0 =(u+a)p3-Brpy =0

_ B — - 10
€ Pn = y—l—(n—2)oc Pn-lvn—z(l)Nl ()
Using (7) in (10) we find:
p By
= — ,n =2 (1) N-1 11
R CES LU )
. A @
Where: v= — and § = -
o o
Also from (5): py = By (12)

ST (v ogy P
Thus from (8), (11), and (12) we have:

A n—2
P = i m=2()N 13
N
where py could be found from the boundary condition: Zpn =1

as follows: n=o
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N ‘;
Po+p1+ Z pn = 1
n=2

n=0 .(8 _i[’ 1)n~2

X N-2 1 n

Thus: po~! =1 + A + A oyF; (-(N—2); 3 + 1; — By) (14)

N -2
o+ Apy - Appy 3 BT =1

where A is given in (9).

The measures of effectiveness are:

X B X n(pyn?
e T i (Y
d
= Apy + ApBrpo B {1F; (((N-2); 8 -1, — Bv)}
+2Appo1Fy (—(N—2); 8 + 1; — By) (15)

N
and E(m) = X (n—1)pn

n=2
d |
=A8eBrro gy (1F1 (—(N=2):8 + LB}

+ Appo 1F1 (—(N—2); 3 + L, —Bv) (16)

Corollary (1): Let « = 0, this is the truncated poisson queue with both
balking and heterogenity. Thus from (13) we get

pn=A0p@e)2.pp, n=2()N 17)

Where: po~l=1 + l—ﬁﬁp‘ L+ (1—B)p—rp (Be) ¥71] (18)

and A is given in (9). .

The measures of effectiveness in this case are:
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E (@ =Apo(l +x)and E (m) =A ppx (19)
where x — P AL @oN-I} o {1 - (N-1)(Be)™2 + N(Be)™)
1 —Be T = Bo)?
(20)

Corollary (2): Let « = 0 and N — o0, we have the poisson queue with
both balking and heterogenity which is Abou — El - Ata [1].
Thus from (7), (18), (19) and (20) we find:

Pn =Ap (Be)™2. po (21)
_ Al+(1—8)e]
Po =1+ T—8p
_ rDFmmtum] [+ (1 —B)el] ‘(22)
pre2(2e + 1) (1 —Bp)
A P P
E@=ap. [1+ = + (1—@9)2] (23)
an m) — ABe?po 24
d E (m) T —0)? (24)

Corollary (3): Let « = 0,8 = 1 and N — 0, we obtain a poisson queue
with heterogenity.

Thus from (13), (14), (15) and (16) we have:

Pn =Aplpy,n>1 (25).
Po = 91“2(29_}_1)(1—9) (26)
O T e F DT —p) AR F it p2m)
__ P P
B =Ap | 1+ e (1_9)2] (27)
and E (m) = T}A—izg)—oz_ (28)

This is Krishnamoorthi’s work [3].
Corollary (4): Let « = 0, N — o0 and w1y = m,,

we get:
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Pn =Appy(Be)r2,n =2(1) ... (29)
Po = “1@2(29‘}‘1) (1_69) (30)
O T e Re T (I —Bp) + A0 Fu) L+ 1 —B)p ]
n) — — : P P
B =—Apo 1+ =2 + =] (31)
_ ABp2
and E (m) = —(I_WPO (32)

Here A is different from that of Abou — El - Ata’s {1] in Corollary (2)
because (r; = m,). This is Singh’s work [5]. Finally we can deduce
Gumble’s work [2]if welet« =0, =1, N - coand m; = 7, = L.
Also Saaty’s work [4]if welete = 0,8 =1, N - oo and

1 w2
T = — M) = —,
#1 + @2 B+ W2
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