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o0 . i -
1. Let f(z) = X apz?, z=rei0, be a power series which conver-

n=0

ges for all z, and let
M(r) = max |f(z)],

|z |=r
p.(r) = max lan Vlr“,
S regn<on
and .
v(r) = max {N:(r) = |ay|r¥}.

The mth (m > 1) order ¢ for f(z) is given by

(1.1) lim sup i)_gl_lo%}\lﬂ = p(m) = o,
- oghr
where loglolx = x and logltlx == log (login-1lx) for 0 <logm-1lIx < co.

Polya and SZeg3 [2] defined the geometric mean of f(z) for

|z] = r as:
(L2)  G(rf) = exp g"z‘n_ J log [f(re!%)] d6 |.

The above geometric mean for the nth derivative f®) (z) of f(z)

is given by
1 (% )
(1.3)  G(rfm™) = exp ; - J‘ log [f®) (rel0)| db (
N " 0 ;
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On the lines of the proof of the following two results by Laksh-
minarasimhan [1] and Shah and Ishaq [3], respectively,

. log v(r
lim sup —l(g)_(r)— = o(1)
>0 g ~
and »
. log v(r)
m sup —=——"— = p(2)-1,
I o0 log log r

we can easily prove that

. log v(r)
(14) 1‘1;11005up “Togmk ®, 0<® < oo
where
p = O ifm=1
=1+ ® ifm=2

In this paper we obtain a theorem relaiihg the geometric means
G(r.f) and G(r,f™) with the mth order p(m).

o0

2. Theorem 1. For every entire function f(z) = X apz® of mih
n=0 -

order p, we find

G(r,£1))
1°g§ ! ( G(r,f) ) § )
(2.1) lim sup = @
r>® logtmlx

in the neighbourhood of points where |f(z)| > M(r) v-1/8.
Proof. From (1.3), we have

. 27
22)  GrfW) = exp 3_2_::_ j log £ (rei0)] d()%
o]

2r i 2%
1 () (reid 1 . .
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Also, we have [4], in the neighbourhood of points, where
HG) | > M) v uxhood of - points,

(2.3) _f(fl()z#_ = Lh(z) W(R)- 1/16} V(r) , Ih| < k.

On using (1.2) and (2.3) in (2.2), we find

2n

G(rA0) = Gir.feoxp 33‘1; J log (|1+hk;)v(R)~1/16 )

z

)ae %

This gives

(24)  GrED) > G(n) V(’) - (1-k W(R)- 1/16)

and ... .

25)  GEfW) < G(r,f')”'”"’.@_ (I+k v(R)-1/16)

in the neighbourhood of points where |f(z)| > M(r) v=1/8.

Proceeding to superior limits, as r— o, on hoth the 51des in (2 4)
and (2.5) and usmg (1. 4) we get :

o { (S0 |

G(r,f)
loglmly

log w(r)

lm sup —-—l-(—)—gm-

r—>00

= lim sup
>0

This proves Theorem 1.
Corollary 1. For the entire function f(z) of mth order p,
1/n
G(r,fm)
o (i) |

2.6 lim su = @
(2.6) > 0 P log(mly

Writing (2.4) and (2.5) for the sth derivative of f(z), we get



194 .- 8. K. VAISH AND S. C.. GUPTA

G‘(r,f(s)) > C(r,fis»»1)) ~—‘i:—)—— (1—k v(R)""l/‘ﬁ)
and

G(r.f®) < G(r,f¢-D) _"g)_ (1+k y(R)-V1e6),

respectively. Taking s = 1,2, ..., n, multiplyihg all the inequalitieé
thus obtained and proceeding to limit superior, (2.6) follows.
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