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Ozet: Liizuct sikigtirtlamaz homogen bir agigkanin hareket djferensis
yel denklemleri lineer olmadigindan onlarin, genel goziimlerini bulmak giigtiir.
Bu yiizden ¢éziimii kolaylagtirmak igin ekseriya baz kdbuller yapihir.  Bizim
burada kullanacagimiz kabul hareketin kendi kendisi iizerine bindirilebilme
(self- superposability) veya kisaca ss, Szeligidir. Prof. J. A. Stracg (9). bindi-
rilebilmenin gerek ve yeter gartim: ifade etmigtir : Eger hareket denklemleri-
nin iki farklh ¢6zlimdi Uy ve U ise bunlarin toplaminin da bir ¢dziim olmasi
igin gerek ve yeter sart

U XU X U)+ Uy X(VXU)y=vy
b

olup burada %, x,y,z ve f nin keyft skaler bir fonksiyonu ve Vv =i ->

ox
.0 0 . o e b \
+ 15— -+ ks— dir. Iste bu bindirilebilme sartidir. Eger Ui=U,=U alinirsa
g z
UX(Vv XU)=vvxu

kendi kendisi {izerine bindirilebilme (ss.) gsarti elde edilir, x; evvelki gibi
herhangi bir skalerdir.

Bu sonuncu gart kullamldig takdirde hareketin vektsrlii denklemi birisi
yaloiz lineer olmayan terimleri ve Gteki yalniz lineer olanlan ihtiva eden
iki denkleme ayrilir. Bu iki denklemin ¢bziimii ise esas denkleminkinden gok
daba kolaydir.

igte bu yazida kullanilan ¢4ziim metodu budur, Eser dért biliime ayrle
migtir, flk iki blimde iki boyutlular ele alinmigtir.

1. The equnations of motion.

The equations of motion of a viscous mcompresSlble homo-
geneous ﬂuld in vector form are

DU
by — VU= F-——ng, an

V.U=0, | (1-2)

where U= (u, v, w) is the velocity vector, u=u (x,y, 2, t),
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v=uv(x,y,2t) and w=w(x,y,z ¢ the velocity components
at a point M(x, y, z) at time . F(M, t) the force on unit mass,
p(M,t) the pressure, p(M, t) the dencity, p'M, ) the coefficient
of viscosity and

vV—=—
e

is the kinematic coefficient of viscosity. We assume v, u and v
to be constants.

DU U, 3 W U
Dt o T Ty t¥%

- is the ‘acceleration following the motion.
o d ) )
=i 0 . 9 k .
V=i tigg thse

2 2

are operators.
W shall suppose that F is derived from a potential function
Q, so that
= — VQ,
Equation (1-1) can be written in the form »
W Ux (< U)+WalV X U= —VH,  (1-3)
where V X U is the vorticity vector, and

_p R 4
H=P4o4;0m (-9

"If we apply the operator to both sides of (1-3) Vwevobtain

VX %f—j—V X [UX (VX U+ 9V X[V X (VX UJ=0. (L5)

‘This equation contains only the kinematic elements of the
motion, and is called “The kinematic consistency equation”. It
is the consistency condition of the three scalar equations in
(1-3); that is, If (1.5) is satisfied U is a solution of (1-3).

Hence the determination of a fluid motion will consist of
two successive processes; The first is to determine the velocity
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lield by (1-5), and the second is to determine the pressure, i.e.
the function A by (1-4). :

The general solution of the equation (1-5) is difficult because
of the non-linear terms. For this reason always some assumption
are made to simplify the equation. The principal assumption
which we shall make in this memoir is to use the self-superpo-
sability property of the motion. ‘ A

Since the equations of motion are not linear their solutions
are not, in general, superposable

If U= (a;, v, w,) and U, = (uy, vy, uy) are any two solu-.
tions of the equations of motion of a viscous incompressible
fluid corresponding to given external forces, initial and boun-
dary conditions, not necessarily the same in both cases, they
are_superposable on each other if and only if

U X (VX U) + Uy, X (V x Up) = V¥, (1-6)
where X is an arbitrary scalar function of x,y z and ¢. This is
the superposability condition [9] If U, = U, = U we obtain
the self-superposability condition.

CUx(VxU)=v 1-7)
where as before X means any scalar function From this onwards
we shall denote the compound word “self-superposable” simply
by ss. in order to save writing.

It U is ss. the middle term in the equation (1-5) disappear

VXUX(VXUl=0o, (1-8)

and the consistency equation reduces to

Vx§g+vv X [V X (V% U)]=0. (1-9)

Hence the use of the self-superposability condition is to re-
move the non-linear terms from the equations of motion.

Prof. Kampé de Fériet [6] has used this fact in a rather
different way in the case of pure plane motion. Assuming that
the vorticity is constant along a stream line, i.e, by taking a

relation A ;
b = £(%) (1-10)

between the stream function and vorticit)f, he has got rid of
the non-linear terms in the equations of a plane motion, where
§ = — Vi is the vorticity. ' -
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But the relation (1-10) is just the self-superposability condi-
tion in plane We must note the self superposability condition
is more general than (1-10) They mean the same thing only in
the case of plane motion. o

The object of this thesis is to find exact solutions of the
equations of motion, in various cases, when they are simplified
by the self-superposability condition. The work is divided into
four chapters. Each chapter begins by the definition of the par-
ticular motion to which it refers The coordinate systems which
will be used are indicated. The forms of the velocity and the
vorticity components, the self-superposability and the consistency
equations are shown, the pressure equation is given in each
system.

After these, first the steady solutions and then the non-steady
solutions of the equations are examined.

CHAPTER L
Self-superposable Plane Motions

2. Plane motion.

A plane motion is defined as motion in which the stream
lines are plane curves in planes parallel to a fixed plane, say
XOY, and the motion is the same in all such planes. There-
fore the velocity components do not depend on z Hence in
rectangular coordinates these are

u=u(x,y,t), v=uv(xyt), w=0 (2-1)
The continuity equation (1:2) becomes

du | dv

- @_0. - (2

This shows that there is a stream function ¢ = (¥, y, 1)
such that

2 P @-2)

ua-—-—= — = —

dy’ dx

The vorticity components are
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E=0, 7= C::-——Viq) 2-3)
where
2y o O DM
Vi = o T y?

Hence vorticity is always normal to the plane of motion.
The ss. condition (1-8) and the consistency equation (1-9)
furnish respectively™)

D($, V)
— 7 =0 2.4
Dix,y) @4
and
YWHVER) — (Vi) =0 (2:5)
The equation (i-3) shows that H does not depend on z
H = H(x,y,t),

and is obtained from the equations
=—1d, + kpx'Viq) + V(Viq’)y’
Hy = ('th + q’y'viq‘ - V(qu))m

after ¢ is determined from (2-4) and (2-5).
In plane polar coordinates 7,6 the velocity components are

(2-6)

vy =0y(r, 0,1), v, =vy(r,6,1), v; = 0. (2-6)
The continuity equation is
d(rv,) duy
o Tt =

Hence there is a stream function ¢ = {(r, 8, £), such that
129 = 2-7)

YY) 2 or’

The vorticity components are
1 h) \01
=0, =0, L==|—
1 0, & b3 r [ (ro 39]

The vorticity vector is always normal to the plane of motion.
The ss. and the consistency equations become respectively

(*) Letters as suffixes denote differentiation.
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D(nl) Vid)
.0 =% (2-8)

vvi(viw) (V) =0, 2-9)
where V' is the Laplacian of ¢

: _bfqa 13 | 1%
Vi _‘Drz r or +7 r2 0
Finally, the equation (1-3) gives for H = H(r, 9, t) the fol-
lowing two equations :

Ho=— Lo+ 4,V + 2 (V’cp)e,‘[‘

(2:10)
Lty = g+ Ly — v v, |
In a real fluid motion both the velocity components and the
pressure must be uniform. Hence if the fluid extends to a re-
gion where 0 may vary from 0 to 2xn this uniformity must be
secured.

3. Solution of the equations in the steady case,

In Cartesian coordinates the stream function ¢ must be a
solution of the system of equations

D(}, Vi)
D(x, y)

In plabe polar coordinates the first of these equations must
be replaced by

D($; Vi)
Dir, 8)
In perfect fluids v =0, and the only condition which will
be imposed on ¢ is
Vid = f(4).

H. Lamb (8.) referring to one of the papers of Stokes is gi=
ving this as the existence of steady plane motion in a homoge-
neous incompressible non-viscous fluid. It is in fact the ss con-
dition, and as it is clear from the equations (2:4) and (2-5), it is
one of the conditions of the existence of any ss. plane motion,
steady or otherwise, in a viscous or non-viscous homogeneous
incompressible fluid.

=0, YV(V}§)=0. (3-1)

=0, where V¢ = ¢, + - 4), + sbee
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The full solution of the system (3-1) is know [2]. The pos-
sible solutions are the following :

1°) Let Vig = K, 6

where K is an arbitrary constant. The vorticity vector which is
always normal to the plane of motion is constant in magnitude.
The velocity components are harmonics. This class of motions
includes all irrotational plane motions, which correspond to K=0.

2°) Motion in parallel straight lines. If we take the x-axis pa-
rallel to the direction of motion the stream function ¢ is of the
form

¢ = (y). o |
The first of the equations (3-1) is satisfied identically, and
the second requires
P =0.
Y(y) = Ay® + By* + Cy, (3:3)
where A4, B, C are arbitréry constants of integration. The ve-
locity components and the pressure equation are

u=3Ay*+ 2By + C, ©=0,
P Lo—6avx— L
o 2

3°) Motion along concentric circles. If we take the origin at
the centre of the circles the stream function is of the form

b = ().

The first of the equations (3-1) is satisfied identically, and
the second requires

reer 2 22 1 ” 1 [
YA = L Y =0,

of which the solution is
$(r) = Ar’logr + Blogr + Cr?, ~  “(3-4)

where A4, B, C are constants of integration. The uniformity of
the pressure requires 4 =0, and therefore the motion reduces
- toone with constant vorticity. The velocity components in pla-
ne polar coordinates are
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v, =0, u,=—2Cr—-—BT.

If the fluid contains the origin we must take B = 0

4°) Radial motion. The stream function is of the form

b= 41(0)
Ve = ,z boo-

The ss. condition requires {; = a constant, say C. Hence
$ = C6. (3-5)
It follows that V4 =0, and the solution becomes a special
case of (3-2). The velocity components are
Uy = T ) 02 =S 0-

The motion is irrotational.
Although the more general solution of (2 4) or (2-8) is

Vi = f(), (3:6)

where f(¢) ie an arbitrary function of ¢, and ¢ depends both
on x and gy, or in polar coordinates on r and 8, the equation
V:(qu)) = 0 requires
vef =0,

and this set of equations gives nothing new other than (3:2),
(3-3) and (3:4).

M. Kampé de Fériet (6-1) has shown that the solutions (3-2),
(3:3) and (3-4) are the only solutions which satisfy the requi-
red conditions, i. e. the system of equations (3:1).

The system (3-1) shows the solutions given above are valid
both for viscous and non-viscous fluids.

These are the only plane steady motions of viscous incom-
pressible fiuids in which the vorticity is constant along a stream
line.

4. Solution in the non-steady case.

In Cartesian coordinates the equations to be satisfied are

D(}, V1Y)

Dy O @-4)
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WAVEY) — (Vi) = 0, where Vi) = doe + by (2°3)

The vorticity vector being always normal to the pla-
ne of motion, its magnitude changes with time according to the
diffusion equation.

In plane polar coordinates x,y will be replaced by r, 0 and
Vi will be

1 1
Vi =1d¢,+ b+ boo.

The consistency equation (2-5) shows that Vi can not be
a function of t only.

Prof. Kampé de Fériet [7] has studied these equations also.
Although he has not given the exXact forms of the solutions, he
has indicated ~the possible motions. obtainable. These are (i)
motions with constant vorticity, (ii) motions on parallel straight
lines, (iii) motions on concentric circles, (iv) motions of the
type

$(x, y t) = e~k UNEN y)

where (X, y) is an arbitrary solution of the equation
Vi% + kb = 0.
We shall set in order the possible solutions of the equations:

1°) Motions with constant vorticity. There may be motions
of the fluid where although the velocity changes with time, the
vorticity is constant both in magnitude and direction. Hence
we can write

Vip =K,
where K is an absolﬁte constant. The form of ¢ is
= V(x,y, t) + Ax* + Bxy + Cy?, 41
where 2(4 + C) = K, B may be an arbitrary function of ¢, and

V(x,y, t) is an arbitrary harmonic function. The velocity com-
ponents are harmonics.

2°) Motion in parallel straight lines. If we take x-axis paral-
lel to the direction of motion the stream function ¢ is of the
form

$ = d(y, 1).
The ss. condition (2-4) is satisfied identically.
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The consistency equation (2-5) becomes

2
ﬁ (vgy — $e) =0,
vy, — ¢ = alt)y + b(¢),

where a(t), bt) are arbitrary functions of ¢.
A particular solution of this equation is

2y’ + By* + vy,
where , B are arbitrary constants, and Y is a function of ¢,
such that
6av — v’ = a(t),
28v =b(t), .. b(f) is constant.
Hence the form of ¢ js ‘

Yy, ) = V(g, 1) + ag® + By? + vy, (4-2)
"~ where V(y, ¢) is an arbitrary solution of '
Vg — §, =03

i. e. the équation of heat flow in one dimension.
A particular value of Wy, ¢) is

A cos (ky + ¢)e=vk’t,

where, A, k, ¢ are real arbitrary constants.
Since the equation is linear and the solutions

Ajcos(kyy +€)e=VEt  and  A,cos (kay + gg)e=Viit,
1

corresponding to different values of the constants A, k and €

are both self-superposable on each other, they may be superpo-
sed. Hence a more general value of Vis

Wy, ) =3 A, cos(ky + ¢,) e="<%, 4-3)
13

and this is also ss. (9, p. 7).
On the other hand, the equation

w'pyy - q)l =0
has a particular solution of the form
‘ $ =112 c-gzlbw’ ~
which vanishes when y = o or # = w. The same is true for

§ = Ap=in e—(y-k)2[A‘vt,
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and for different values of the constant k these are both ss.
and superposable on each other. Hence since the = equation is
linear, in the solution (4-2) we can take

Vig ) = 3 A=t e==hiiv, @4
’ k

The stream lines are straight lines parallel to x-axis
The pressure equation for both cases is

%—F9=C+(v’—6w)x,

where C is an arbitrary function of time

3°) Motion along concentric circles, If we take the origin at
the centre of the circles the stream function is of the form

b=1¢ (r,t).
The ss. condition (2-4) is satisfied ldentxcally The consis-
tency condition (2-5) becomes

VOV — ) = 0.
v (‘*prr + _:' q)r) - q)t = a(t) lOg‘ r + b(t)s

where a(t), b(t) are arbitrary functions of 2.
A particular solution of this equation is

(art + B) log'r 4 yr?,

where @, y. are arbitrary constants, and B is a function of ¢,
such that

4av — p, = a(t))
4v(a + v) = b(t), .. b(f) is constant.
Hence the form of ¢ is
o(r, t) = V(r, £) + (ar? + ) log r + 173, 4-5)

where V(r,t) is an arbitrary solution of
1
(ot o) — =0
A particular value of WV(r,?) is
[AJ, (kr) + BY, (kr)] e="*",

where A, B* k are real arbitrary constants; J, and Y are Bes-
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sel’s functions of order zero of the first and second kinds res-
pectively. Since the two solutions
[4: ] (k,r) + B,Y, (kyr)] e"w‘it and [A, Jo(k,r) + B, Yo("o’)]e"w‘;t:

" corresponding to different values of the constants 4, B and %
are both ss. and superposable on each other they may be su-
perposed at any rate. Hence a more general value of V is

Vi 0 = 5 [AJothr) + By Yy(kr) e, (4-6)

and this is also ss.
Again an other form of V is [10]

Vir, ) = t=*{F\(k, 1;g)(4 + Blog | g | ) + 3C, g™, (4-7)

provided k is not zero or a negative integer, where 4, B, m

are arbitrary constants, m =1, g =— r¥4ve,
) —14 K% &  kk+1Dg
Fll(k,l!g)_1+1!ﬁ+——é—’—2[ 1
and
1 1 1 2 2 2
R I = R e R T
kk+1)..tk+m—1) '
(ml)?

It k& is zero or a negative integer the series Fy,(k, 1;g) termina-
tes, otherwise it is an infinite series which js convergent for
all values of g.

The stream lines are concentric circles with their centres
on the z-axis. The pressure equation is

. ,§+9:f¢r2_d7{'+(p’—4av)0+c

where C is an arbitrary function of time, The uniformity of the
pressure, in a region where 6 may vary from 0 to 2x, requires
B" — dav =0, i.e. B(¢) = davs + a constant.

4°) Radial motion. The stream function is of the form
$ = W(e’ t);
1 N
Vitp = ﬁ“ 4)90.
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Now the ss. condition requires ¢y == 0, and since ¢y =0
it follows that :
b (9, ) = a()  + &), 4-8)
and Vip =0.
Hence this reduces to the case 1°) with K =0. The motion
is irrotational. This shows that the vorticity can not depend on

6 and # only, i. e. the constant vorticity lines can not be con-
current straight lines.

5°) Motions of the type

blx, g, 1) = e"* dy(x, y),
where k is a parameter. The equations (2-4) and (2:5) are sa-
tisfied if
Vidy ~ kb =0. |

" If k<O, put k= — A% Then a solution of the equation

VEhy + Ay = 0 is
$o= Acos(dx + ¢) —[— B cos (Ay + 9),
. d(x, g, ) = e\t [A4 cos(Ax 4 €) + Bcos(Ay + 3)]: (4 9)

and Vip = — A%,

Have we the right to superpose the motions of the (4-9)
in order to obtain more general solutions? Will the resulting
motion be ss. ?

If we indicate the two different values of ¢ by ¢, and 1,
corresponding to different values of the constants A, B, %, ¢ and
9, we shall have

V’\Px = - )‘211’1 ‘
Vz‘h == SV
These show that both ¢, and v, are ss. . In order that ¥, 4+,

may be ss. y; must be superposable on v, 9, p, 15). But this
is only true if A, = X;. Hence a more general form of v is

Ygt) = e T Acos(hx + &) + Bacos(hy +3,)].  (4:10)

If k>0, put k= )? in the equation Vi, — ky,=0. Then
a solution is _
Yo = Ach(Ax + &) + Bch(ry - 9),
P = et [Ach(\x -+ &) + Beh(hg +8)]  (4+11)
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and Viy = A%y.
Similarly a more general solution is obtained by summation

Wx,gt) = e 3 [A,ch(Ax + €,) + B.ch(hy +5,)), (4-12)
it the series is convergent.

Both for the solutions (4-10) and (4-12) the function

H=£;_ + Q -{—%(w: + w;)is given by

I
H= 3 ky2,
where k = — 2? in the first and & = )2 in the second.

All motions obtained in in this chapter have a common pro-
perty. The vorticity is constant on each stream lipe. This re-
sults from the equation (2:-4), i.e. it is a consequence of the
ss. condition. It states that either Viy = f(¥), or both v and

VZy depend on the same space variable. Therefore on each
stream line, where ¥ is constant, Vv, that is the vorticity is

constant. This is true only in the case of ss. plane motions.

CHAPTER IL

Axially Simmetric Ss. Motions in Planes
Passing Through OZ.

5. The stream lines are contained in planes passing through
OZ, and it is supposed that the motion in each of these. planes
is the same: therefore the velocity components are independent
of 8. In cylindrical coordinates these components are

vy ==0(r,2,¢), v,=0, vy=wy(r,z,1i). 61

The continuity equation is
Mro) | Arey) _ o
o T 2z 0.

Hence there is a stream function y = v(r, z, £) such that
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13y 12y

= ’”3-:":‘\"7;—" ) ‘ (5-2)

The vorticity components are

1
§ =0, E2=_’_—D2w:w & =0, (5-3)

where :
Yy 1wy,
Dy = M r dr + 23

Hence vorticity is always normal to the plane of motion.
The ss. condition (1-8) and the consistency equatlon (1-9)

become respectively o
O chp)

D(r, z) = 01 ‘ . (5'4)
vDy(Dyy) — (Dy), = 0. (5-5)
Equation (1-3) shows that A does not depend on 6,
H=H(r,z2,¢,

and is determined by the equations

1 1 : v
Hyz= — 2%+ 5% Db+ % (Dyy).
11 Vo \

| (5-6)
Hz; ;wrl +;_T'lpz'Diq)_——'r_(D2'¢)r '

After v is dctermined by the system (5:4) and (5-5), H will
be determined by (5-6).
If the motion is steady the equation (5-5) becomes

Dy(Dyp) = 0 (5-7)

6. Solution of the equations in the steady case.

In cylindrical coordinates the stream function ¥ must be a
solution of the system of equations (5-4), (5-7)

o(oh0x)

’—D(r"—'z)— =0, B (5 '_4)
Dy(Dgyp) =0, (5:7)

where
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The first requires
LDy = 1), (6:1)
where f(y) is an arbitrary function of ¥. Now (5-7) furnishes
£ 408+ F O+ 2+ v =0,
or, taking account of the equation (6-1) this becomes
Lrer+vd+if+50r=0 62

In particular, if f(p) is constant the equation is satisfied, and
(6-1) becomes ,
Dz’lp = Crz, (6'3)
where C is an arbitrary constant.
U. Crudeli has studied the solutions of this equation [3,4,5].
The following formal solutions can be obtained easily:

V=1 + 3 (Aer® + By) (axz + b;),
%

6-4
w= e+ 3 LAk + B Y0} (ot + Doty | €D

where J; and Y, are Bessel’s functions of order unity, and ¥,
is a particular solution of (6-3). U. Crudeli gives for 1,

Wy =g Cri+ Er,

where E is an arbitrary constant.
If f() is not constant, the equation (6-2) is integrable only if

v var=rigly) (6:5)
and 50, = A, (6-6)

where g(y) and Ah(y) are functions of 1. Now the equation (6:2)
is written

f'g+ff +hf=0.
By eliminating vy, and v, between the equations (6-1), (6-5)
and (6-6) we obtain the following relations:
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htg=f (6-7)
“PY3h2 + dgh"— 2hg') = 16 . (6-8)

The second shows that, either g=h=0, or ¢ is afunction
of r only. The first possibility is excluded, because then the
equation (6 7) requires f= 0, and we had assumed that f is
not a ‘constant. Hence :

b = ¢(r).
" This gives the well-known solution on straight-lines paralle!
to OZ, i.e. Poiseuille motion. The stream function is of the form
$ (r) = Ar¥ogr + Brt + Cr?, (6-9)

where 4, B,C are arbitrary constants.
The velocity parallel to OZ is™

vy;= — 2A logr —4Br* — (A + 2C).

The pressure equation is
!1 +Q=—16Bvz— l (A +2C).

‘ lf the reglon in which the motion is taking place includes
the z-axis, we must take 4 ==0 in order to prevent the vel*o-
city from being infinite on the axis. e

Thus, the only ss. steady motions in.planes "passing ‘through
OZ are (6-9) and the motions represented by the solutpons of
the equation (6-3).

8. Solution. in the non-steady case.

We shall use . cylindrical coordinates. The equations to be
satisfied are (5-4) and (5-5)

(4», qu))
D(r.2)
vDy(Dy}) — (Dyb), =0, (5-5)

1
where Dy =1¢,, — - $, + ¢,

== 0, , l (5'4)

Let : | 4% Dy = s (r, 2, 8).
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Tﬁe equation (5-4) suggests that it can be satisfied in parti-
cular if

- 1% sis a functlon of r and ¢ only, ;

,. 2° ). ‘s is' a function of z and ¢ only, and in general if‘
3°) s is a function of Y, i.e. s = f({).
We shall discuss each in turn.

1) s =l qu) is a function of r and ¢ only. The equation

(5 4) requires
4’; §, = 0;
hence ‘either s, =0, or ¢, =0, SR
It s, =0, s may depend only on ¢. Let o

N qu) - a(t)' LR
Dy =  rt a(t)
Now (5:5) requires o' = 0. Hence we obtain the equatlon

Dz\p = arz “ ' (7 1)

where . a is an arbitrary absolute “constant. The equatlons (5-4)
and (5-5) are satisfied. We obtain - the solutlons, similar to (6-4)

‘-N’» z, ) =y + 2 (Apr? + B)(Cz + Dk),
4‘(’:2 ) =4, + Z"[Akjl(k") + B, Yi(kr)}i Cre = + Dke—k’)

where the capital letters A4, B, C, D denote arbitrary func-
tions of ¢, and ¢, is a particular solution of (7-1): For example
we can take for 411 the expression -

(2)

' N =% art 4+ br?,
where b may be an ar;bitrary function of ¢.
If ¢, =0, then ¢ = Y(r, #), and inserting
S Dy = r2s
into the equation (5:5) we obtain
v(rs,, 4+ 3s,)— rs, = 0.

By the method ef separation of the variables we find a finite
solution when r =0, i.e.



SELF-SUPERPOSABLE FLUID MOTIONS i07

b(rt) = Aeve. f rdr fér: / rJolkr)dr + B(e)r,  (7-3)

where A, k are real arbitrary conéﬁnts, and B(t) is an arbitrary
function of time. :

For different values of the constants A, k and the function
B(t) the solutions obtained are both ss. and superposable on
each other. This can easily be tested by the formula (1-6).Hen-
ce a more general solution is k

W) =Sl e [rar & [rishrsdr + B @-3)
% 3

2°) s= 71§D2¢ is a function of z and ¢ only. The equation
(5-4) requires , _

‘ . q’r'sz =03

hence either s, == 0, or ¢, = 0.

If s, =0, s depends on t only, We have discussed this ca-
se in 1°), S : '

If ¢, =0, then ¢ = ¢(z,1), and the relation
ng’-p:q),z:fzS
is possible only if ¢, =0, s=0. Hence this is a particular

case of (7-1) with a = 0. There is no new solution of the equa-
tions in this case. :

3°) In general, s must be a function of ¢, say

s=kog=frw.. - g

Since we have discussed the cases where s =— s(rit) and
s =s(2,t) in the previous paragraphs, it is reasonable to assume
here that both ¢, and ¢_ are different from zero. (5.4) is satisfied
identically, and (5.5) furnishes . o

FE+D+ G+ 20 +0.—Lyy=0. @5

We can satisfy this in three diﬁei‘ent'ways“:
() f£=0. .. f($)=a constant, say a. Hence
Dy = ar3,
and we are led to the equation (7.1) of No: 1°).
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i) £ 0, but =0 and 4, + > 4, + .= 4 =0,

This reduces to an impossibility. For, we have

f=0,
“ f=20C,
" f=Cy+D,

where C, D are arbitrary constants, and this last equation gives

ww—%%+wu4»ww+m=0@0mq
in addition to - (1.6)
bt 2+ o=y =0,

By subtracting the first from the second we find
4vd, = rd, + vr3(Cy + D) =0,

a linear partial differential equation of the first order to determine
¢ as a function of r, z and ¢. The general solution is

Cb+4 D =9(z,4vt + %— r2) e=cr*"®,

or

Cy + D =1¢(z, a)e=c""";

where @ = 4vt+lr2, and ¢ is an arbitrary function. If we

insert this into the equations (7.6), we find that both are satis-
fieds if € =1 and

"ic?aa—‘f'r‘q’a‘*' (E"“"{)'%‘F%z:o-

But this is not integrable, since the coefficients are not functions
of @ or z.

(iii) Neither f* nor f* is zero.

The equation (7.5)indicates that ¢, contains the factor v. Let

"pt = Vk¢ y

where k is an arbitrary constant. Hence
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b = e"* ¢(r,2) (7.7)
and Dy = ev*t D, o,

where 9(r,z) is an arbitrary function of r and z, and neither P,
nor ¢, is zero,

Inserting these into the equations (5.4) and (5.5) we obtain

D(CP’ Dz CP)
D(”z)
Dy(Dy %) — k.Dy 9 =0.

The first requires

=0,

= Deo=F(), (1.8)

where F is an arbitrary function, and according to' the equation
(7.7) we have

s = f(§) = " F.

The second requires
" ; 3 '
F((Pf+cpi) + F(?rr—{_—r‘cpr + ‘Pu)—kpzo.

Since f'5-0, f"=+0 it follows that 7" =50 and F" 5= 0. Hence

this is integrable only if the coefficients are functions of ¢, say

9+ ol =g,
3
cFrr+Tcpr+(Pzz=h!

where g and % are functions of 9. And we have the equation
(7.8) at our disposal. Subtracting the equations

3
Prr + Tcpr +cpzz=h9

1
¢p,,——;'CP, +chz=r2F

we obtain % @ =h—rF, ie. g, = (h—ri F)
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'+,,=% (4h — 12,3 A+ r2 b’ — P FK —r' hF' 4 S FF).
And from

Cpi == g? — cpf we find
W =g — g r(h—ri P,

Differentiating both sides withrespect to z and dividing by 2¢,,
we find

b =gg — g5 Ph—r F) (K —r1F).

Hence

1 1
D2<P=°P"'—7<P,-+tp“=gg—7r2F=r3F by (7.8)

2gg’ — 3 F =0.
Under the assumptions we have made this is impossible. For
this equation is valid only if'F=g =0, or ¢ is a function of

r only, But we have excluded both cases by assuming F’ =&0,
@, =<0 and @, =<0.

It seems that, there is no ss. non-steady solution in planes¢
passing through OZ (symmetrical about OZ) other than of the
forms ¢ =4 (r,t), ¢ =9¢(z,¢) and the solution of Dy =ar3?,
though ¢ =(z,t) leads to a particular solution of the last one.
These possible solutions are given by (7.2), (7.3), and (7.3').

It $ =1¢(r,t) the stream lines are straight lines parallel to
OZ, and since r — constant on a stream line, % Dy 9, i.e. the vor-

ticity is constant also. It is always normal to the plane of mo-
tion. Hence in this case only constant vorticity lines are coin-
cident with the stream lines.



CHAPTERII

Three-dimensional Ss. Mqtions

8. Ss. pseudo-plane motions of the first kind.

A plane motion is defined by the following two conditions:

(i) The stream lines are contained in planes parallel to a
fixed plane, say XOY'; this means

w == (.

(ii) The motion is the same in all such planes, that is, the
velocity components are independent of z.

But these two conditions may not be satisfied simultaneously.
We may consider the motions which satisfy only one of the
conditions, but not the other. Thus we obtain two classes of
motions, each containing the plane motion as a particular case.

The first class of motions satisfy only the first condition,
but not the second. Hence w =0, but u and » may depend on
z. The second class of motions satisfy only the second condi-
tion, but not the first. Hence the velocity components are inde-
pendent of z, but w=0.

R. Berker [2] calls these two classes of motions “pseudo-
plane motions;, of the first and of the second kind respectively.

In this chapter we shall discuss the ss. pseudo-plane moti-
ons of the first kind, leaving the other to the next chapter.

For these motions the velocity components are of the form
u=u(x,y, z,t), v=uv(x,y,21t), w=0.
The continuity condition is

du Y]
w3y =0

hence there is a stream function ¢ =¢ (x, y, z, #) such that
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by v = —{X_ ' ‘8.1)

and ¢ is determined except for an arbitrary additive function
of z and ¢.

The vorticity components are

% % _ (2, Y,
E_BX‘Dz n—bybz g—_(Bx“ + Dy')

The ss. condition (1.8) gives three equations:

5 @ 4 8D, — (Vi) =0,
1

5 @+ e — @ Vid) =0, ) (8.2)

D%, Vi)
D(x’.'])

The consistency equation (1.9) also gives three equations:
YV s — ene = 0, |
V(Vid)ye — dpu = 0, (8.3)
vV (Vid) — (V19),=0

where Vi and V2 are the operators

= 0.

2 bZ D2
“‘W+$

x2+ ’+bzz :

The first set of equations is equivalent to the system
]

S @+, =4, Ve =0,

PO
—2‘(q)x+¢y,x—¢x'vlq)=avl

-

since the third is a consequence of these, where Q is an arbit-
rary function of x,y, z and ¢, such that Q,,=Q,,=0; i..
neither Q. nor Q, depends on z,
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- . The second set of three equations is equivalent to
Wip— g, =Fluyg,0 + Gt | n
s (8.5)
VI F =10, [
where the function ‘G (z,1) is ent}rély é’rbiti’éry.'

Thus the systems . (8.4) and (8.5) are eqnivalent'fespectively
to the systems (8.2) and (8.3), and are therefore the kinematic
conditions of the problem.

As for the .dynamical condition, (1.3) shows that

H=P—Q+4 .+,

and Q does not depend on z, where Q is defined by the edu-
ations (8.4), and P is the harmonic conjugate of F given in
(8.5). Hence the pressure equation is :

—Z_ + Q ;NP(ny, t) - Q(x)yn t)’ (8'6)

i.e. thek—pp~ 4+ Q does not depend on z. The function H, and
therefore p, is determined only except for an arbitrary additive

function of t.

9. Solution in the steady case.

The ss. condition is given by V‘the equations

1 2 2 2
) (q’x + Lpg)y - ¢y' Viv= Q!h (9.1)
L@ — e V=0 9:2)

and the consistency equation is ‘
Viy = F(x,y) + G(2) (9:3)

where Q is an arbitrary function of x,y and V:F=0. The equ-
ation (8.6) becomes

_‘:— + Q= P(xy) — Qxy- - 04
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If we choose V?¢ as in (9. 3), the” equations to be satisfied
are (9 1) and (9.2), and in all cases Q., = Q,, requires

D, Vi¢).
—W =0, (9.5)

We shall consider the following cases:
’ —(1) Vi¢ = a function of z only, say Vi ¢ = h(z);

(2 Vid=a functlon of x and z, or y and 2 only, say

V 1= h(x' z);
3) V W=a functlon of ¢, say Vig = A ().

To obtam a solution we shall start from the equaflon 9.5)
and satisfy it in the ways indicated above. Then we shall de-
termine the unknown function 4 by (9.3) and ¢ by (9. 1) and (9.2).

(1) Let V;¢ be a function of z only, say Vi¢=h(z).
Vi =h(2) + 4., = F(x.9) + G(2).

ViF=0 requires
h,, =0, ,
. h (z) = az +} b, ‘ (9.6)
where a, b are arbitrary constants. Then
boe = F (x,9) + G(z) —az — b.

Integrating twnce with respect to, 2z, we find
4)~—“Z’F(xxy)+zz4(x,y)+3(x ¥+ ff(G—az—b)JZ’
We can discard the last term by takmg

G(z) =az + b,

since § is determined except for an arbitary additive function
of z. Hence ¢ is

)= -1- z? Flx,y)+zA (x,y) + B (x, y). 97)

\ch —zVF+zVA+VB—az+b

This requires
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Vid=a ’
VB —b (9.‘8_)
109 =0, :

since ViF=0.

With these values of A4, B and F, ¢ satisfies the equations

(9.3) and (9.5) There remains only to satisfy (9.1) and (9 .2).
They furnish

F2+F =¢y
FA +F,A —-aF'-—ca._y
F.B,+F,B,+ A+ Ay—-2aA — bF = ¢,
A.B,+ A,B, — aB — bA = ¢,

(9.9)

where c’s are arbitrary constants of integration.

The equations (9.8) and (9.9), together with VIF=0, de-
termine A4, B and F.

If ¢,5=0, cy=5=0 they are
F=oax+ By, where a®+}fp2=c,,

a ¢ : ) ‘
A= o (ax+ P + ;’f— (ax + By), (9.10)
:B = —-;—;;(azx + By)? + %4: (ox +- By),

and c's are always related by ¢ cy=cylc;c3—c), whatever
their values are.

2 o=y (Ex—a)+ —I’C—Z‘—(ax+l3y)+0,

where C is an arbitrary constant.
If ¢,5=0, ¢;=0, then c4===0, and F, A and B are

F = ox 4 By, where @ + B2 €1

A= '2? Gt - (9.11)

(ax + By)? + (ax+ﬁy)
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In this case the pressure equation is

L
[

% + Q=v Bx —ay) + %Ci (2x 4+ By) + an arb. constant.
1

If ¢, =0, then Fz—i— Fi == 0 shows that F is constant; but

we can take this constant to be equal to zero, since otherwise
it will give a‘term depending on z only in the expression of ¢.
Hence ¢; = 0, and the system (9.9) reduces to

Az+A:—2dA=cg

(9.12)
A.B, + AB, — aB — bA=c,,
where c;, ¢, are now arbitrary.
A solution of this system is
a csllz
A=om @+ 20! + -+ @+ ),
- (9.13)

b c
B = o G+ M)+ ’E;l—lz (y+2x),

where 1, k are arbitrary constants, such that &? = 1 4 22, and
c3=0. If ¢ =0, ¢, must also be zero. The pressure equation is

P 4 Q=an arbitrary costant,

P

In every case we obtain ¢ by inserting the values F, A and
B into the expression (9.7).

(2) Let Vi be a function of x and z only, say
Vig=nh (x, z).
The equation (9.5) shows that %, = 0. Then
Vig =k (x,2) + .. = F (x,9) + G (2)
requires £, =0. Now V;F=0 furnishes
: F(x) = ax + B,
and hex + h,, =0, (9.14)°
where o, 3 are arbitrary constants.

After determining a solution of (9.14), ¢ is obtained by in-
tegrating’ the equation
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‘pxx == h’

with the condition

bt be=ax+B+G(). (9.15)

The equatlons (9.1) and (9.2) are always satisfied, whatever
the valye of ¢ (x,z) is; and the stream lines in ~planes
z = const. are the straight lines ¥ = constant.

The pressure equation is
p - |
? +Q-.——vay+c,
where C is an arbitrary constant. R T L

For example, if A is of the form

A (x, z)—X—I—-Z

where X X (%), Z Z (z), (9.14) requires ‘
Xr/ + ZII = 0’ |
" X'=—2Z'=a const., say 2a.

Hence X == ax? + bx +¢, Z=—az?+ bz + ¢, Now
‘l)x;:‘— ax® + bx + (¢ + ¢,) — az® + byz,
¢ (x,2)= Tli axt + % bx + % x(—azt FhzF et é) + x4 (),
where A(z) is yet arbitrary. This gives ,
b,y = — ax? + xA’. ,
Vi = b b = (A" + D) x + (c + <) —-022+bnz
Comparing - thn w1th (9. 15) we find '
A+ b=ua
. c‘—-’ B
— az25+ bzd e, =G (z)

“The first of these furmshes
A(z)=7(oc—-—b)z2 + mz+ n.

Hence ¢ becomes
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dxi z) = —ax" + —é— bx3 + —;— x(—az2t-bz+ B+ ¢)

x [i (2 —8) 22 + mz + n] | o.16)

where b, b,, ¢,, m, n are arbitrary constants.

The pressure equatlon is -

? + Q= C—vay, |
where C is an arbitrary constant.

If we assume the form 2= XZ, (9.14) requires

X,_’_’uz_”d;‘
X zZ

where 1} is an arbitrary constant. In a simlnr way we obtain
the solutions :

$ = ach(mx 4+ ) cos(mz + ) + x(—,} az? + bz + c), if A=m?,
= @ cos H(mx+s)»-ch (mz+8) +x(—;— azd +b‘z+c) , if A== —m?,

/] ﬁiax”—ﬁﬂ) (cz4d) +x [-—acz“-{- —é— (a=—6ad) z?—l— clz+c2]

if A=0,
where the coefficients are arbitrary parameters.

It can easily be proved by the equations (1.6) and (1.7) that
when ¢ =0 or ¢, = 0 or more generally when ¢/}, = a cons-
tant, i.e. when the stream lines in planes z = constant are pa-
rallel straight lines ), and ¢, corresponding to different values
of the arbitrary parameters are both ss. and superposable on
each other hence if the differential equation for-¢. i linear and
homogeneous these solutions can be added.

Thus instead of the solutidns obtainéd above we can take
the following more general expressions:
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— Z[a ch (mx +em) cos (mz+3,) —l—x(ha 24-b,2-}¢, )] '

3 [a,,, cos (inx—{—e;,,) vch (mz+‘5m)i +x(?-1— am22+bmé +Cm )] 'k

E

E

(9.17)

H

% 3(0 x3+b x’) (c e+d ) + X [—anc, z3+ 2 (a Ga,,, ,,.)z2

"F clm‘z + sz] : )
(3) More generally, let -
. Vig=h@), (9,18)

where 2 () is an arb:trary function of ¢. Then the equation
(9.3), i.e. :

Vi = h o= Flxg)+ G ()

requires ; | _ v
VE (V) = V2 (Vig) = 2k =0,
and ‘ s e
(V3)e, = (V29),, = 0.
. Hence o .
K@ A8+ )+ 5y =0, (9.19)
and

K hedhe B s+ eree =0 ; ’
Kby b+ By e =0 )7

We shall consider the following cases:

(A =0, %,, = 0. That is Vch =C and
‘ ¢=*— z’F(x,y) +2A(x,y) + B (x.y)

9200

V cp = C requires
VF=o,
Vid=o,
vﬁ3=c'
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This is a partlcu‘ar case of () with a=20, b =Cj; see (9. 7)
and (9 8) ; A
(n) h" =0, V3¢ =0. Then h=C¢ -+ D, and \ ;
| | vig=Cd+ D+¢,.=0. o
Both the equations (9.19) and (9.20) are satlshed We have N
: ' ¢, + Cd=—D."".

We éan take D = 0, since its contrlbutlon to ¢ is only to add
an arbitrary constant.

If C>0, let C= k3. Then a solution. of IR
"pss + k2q) =0 (9'21)

is ;, ‘ ¢ = A (x,y) cos kz + B(x,y) sin kz.
Vi¢ = C requires
VA=k
1A =k A 9.22)
ViB=kB

The equations (9.1) and (9.2) furnish
A -|- A — A =
B 4 B, —k*B =, (9.23)
A.B,+ A,B,— k*AB = ¢35,
where c,, c,, ¢; are arbitrary constants of integration

The systems (9.22) and (9.23) determme A and B. From
(9.22) we find particular solutions-

A = a, ch (kx+ <) + a ch (ky + &),
B = bych (kx + 3,) + b, ch (ky + %)),
where a,, a3, b;, by, ¢, &, 5, 3, are arbitrary parameters.
Inserting these into the system (9.23) we obtain the relations
' aay = biby = a;by = @b, = 0,
— B @+ d) =y
— k¥ (b; + b)) =cy
— k[aby ch (e, —3,) + azby ch (23 — 33)] = c3.
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The last three determine the values of €y, €3, c5. The first set
of relations is satisfied if a,— b2~ 0, or if o;=14; = 0. Hence
we have the solutions”

Y (x,2z)=a,ch(kx+ s,) cos kz-i—bl ~cb (kx+ 8,) sin kz

Y (y, z) = aych (ky+¢,) cos kz+by ch (ky+3,) sin kz } (8.24)

Since the stream lines are parallel straight lines and the

equation ¢, + k¥ =0 ls linear we can take the more general
express:ons

b (x, 2) = z [ay; ch(kx+ &,,) cos kz—by, ch (kx-+5,;) sin k2] l

9.25
¢ (!!, Z) - 2 [aZI Cb (ky+821) cos kz+62: Ch (ky+ 521) Sln k’] I ( )
The pressure equatlon in both cases is
? .+ @ = an arbltrary constant.
IfC<O0,let C=—4k2 in c}a,, + Cgb =0, tﬁen
b, — k¥ = 0. (9.26)
b= Alx, g)e + Blx, glet "
V’c}a = 0 requires o
VIA+ kA =0
VB + KB =0, ©.27)
1
The equations (9f1) and (9.2) furnish
A+ A% kA =, 2 (9.28_)

Bﬂx + B‘zy + k232 - 02)\

where ¢,, ¢, are arbitrary constants.
The systems (9.27) and (9 28) determine A4 and B. From
(9.27) we find

A(x, y) = a; cos (kx + &) + aycos(ky -+ €p)
B(x, y) = b, cos (kx + 3;) + bycos(ky + ),
where a’s, b's, €'s and 3's are arbitrary constants.
Insertmg these into the system (9.28) we obtam the relatlons
a e, = b b;, =0
k’(al ", 02 = €1
k(b2 + 8%) = c5.
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The last two determine ¢; and c,. The first is satisfied lf

al:bl‘_—oy
or ag==54,=0,
or a =5b=0,
or : 2——b1—0.

Thus. we obtain the solutions ,
y(g, 2) = aycos(ky + e)eks + bycos(ky + 53)(:""
§(x, 2) = a,cos(kx -+ €)e*= + b,cos(kx + 3,)e~*

$(x.y,2) = agcos(ky + &;)e*= -+ b,cos(kx + 6,)e—"= S

(9.29)
$(x,,2) = a;cos(kx + ¢,)ek* 4+ bycos(ky -+ d;'e—*k=. |

These are also ss. and superposable on each other for different
values of the constants, except k. For we had previously poin-
ted out that two solutions ¢, and ¢,  satisfing the relation
V3 = A{ are superposable on each other only if % is the same

in both. Thus instead of the solutionns (9.29) we can take the
following more general ones:

Uy, 2) = Z[azxcos(ky i + bycos(ky + 52:)6 *],
$(x,2) = Z[alicos (kx 4 &,:)ek= + bj;cos(kx + dy;)e—*<),
s v , (9.30
$(x.y,2) = 2[02;‘005(/(!] + e5)e*= + bycos(kx + By)e*<],
Wxg,2) = T [aycoslkr + €,)ek + byicos(ky + d,)e=*]
The more important solutions are the last two ; because they

contain both x and Yy, as well‘,y, as z. Therefore u and v are dif-
ferent from zero. In the“la‘sti‘ one for example

u=— kek 3 bysin(ky + 52,
v z kc"‘ 2: a,sin(kx + €);
and the pressure eﬁu'ation is .
»’i + Q:C, — k3, aycos(lr + eu). Sbucos(ky + 3,
where C,| is an arbltrary constant. |

HC=0 in¢, + Cy=0, we obtaln a particular case of
(1), with F=a=56=020.
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. (iii) Neither 2" nor A’ is zero

Multlplymg the first of the equatlons (9.20) by $, and the
second by — ¢, and adding. we find :

hl' D(‘P—z’,‘!’) ﬂz:z’ q)) —
D(x, y) D(x: y)

* This requires ¢, == a function of ¢, say

= f(}). . (9.31)
= ff,

where (') means a dlfferentlahon with respect to ¢. Now (9.20)
is satisfied' if : '

Kf+ Kf + 5 LAY =0,
Wf+ [ =e, 0

where ¢ is a contant of integration,
The equation (9.19) becomes

R(E + %+ ) + Kk + ff)=0
which shows that ¢?, + ¢?, must be a function of ¢ .also, say B
¢ + O3y = gl¢). - 0933)

Kg+ A+ K+ ff)=0. (9.39)

We have yet to satlsfy the equations (9.2). Since Q,,=0,,=0
we “obtain

Hence

L

flgg —2h)=a, (9.35)
where a is a constant of integration.
Hence we have the following simultaneous equations :

g+ f)+hth+ff)=0, (9.39)
WL+ (f2Y =c¢, (9.32)
flg —2h)=a (9.35)

to determine A, g, and f as functions of ¢.
If @ =0, either f =0 or g" = 2h. The first’ posmblhty ma-

kes ¢, = 0. i. e. ¢ = d(x,y). The last two équations are satis-
fied, and the first becomes , :

\ g+ hK =0,
V“’h =0, where 24) = h(¢)
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Then ¢ satisfies the equations (3.1). Hence this determmes all
ss. steady. plane: motions studied jn section 3.
Now take the other possibility :

2h =g,
By eliminating A from (9.34) we find
| 2%f + f§ —fg' =
which is satisfied by
g = bf3, (9.36).
where b is an arbltrary positive constant different from. :zero.

For, if 5=0, then g= {2 + 42, = 0, i e. both u=t,==0,
and v = — ¢» = 0. Hence from (9.36) and 24 = g’ we find

h = bff. (9.37)

Now if we use the relations (9 36) and (9.37), then both the
equations (9.32) and (9.34) are satisfied by :

(Y =2m, : (9 38)

where 2m = c¢/(b + 1), it is arbitrary since ¢ and & is arbitrary.
(9.38) determines [ as a function of ¢.
m can not be zero. For otherwise we should have

oy =—2— K=0 by '(9;37),

which is not true, since at the begmmng we have assumed
h” =& 0. The equation (9.39) can be written in the form

Since ¢ is absent, put f = p and /' = p’%, then we have

fpdp + pifdf = mdf. «
or fZP2 = 2mf -+— n: ‘
- p = :£ (2mf+ n)l/z
By integrating again we obtam » E
(2mf 4 np2 — 3n(2mf + n)”z —_ 3m¢ +1, ~ (9‘39)
where n, I are al‘bltrary constants. R "

Differentiate both sides with respect to gz, and put ¢, = f.
After rearranging the terms we find
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2m(2mf + )R df = dz,
_or by integrating ‘
2(2mf 4+ n)12 = z 4 Alx, y),

where A(x,y) is an arbitrary function of x and U
Now by ellmmatmg @2mf + n)te between this and (9. 39) we
obtam

2mp= L @+ AP — ¢+ 4, - (9.40)
the arbitrary additive constant / is neglected Hénce o

| 2m-V2¢~—(z + A A2, + A8 )+[— (z + Ay — n] vi4

=—§- b(z + A) by . 37),
(teqﬁi;‘es ‘
ViA=0,
A+ A, =b.

These show that 4 is of the form A = ax + By + v where
a’ +. B2 =b. Hence (9.40) becomes

2my =‘ﬁ (o + By + 2+ V) —nlax + fy + 2+ 7). (9.40)

The stream lines in planes z= constant are straight lines
parallel to ax - By = constant. The vorticity components are

:»E=?4‘§3‘“"+5H+z+¥), M= r Byt

S — g (ax + Byt 2 4 1)

Hence vorticity is constant on each stream line.
Finally the pressure equation is :

FHe= g6+ NE— ) 4,
where C is an arbltrary constant.

19. Solution in the non-steady case.

The ss. condition is given by the equations
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5 W, ), — 4V = Q,
5 W+ ) — eV =Q,

and the consistency equation is

W — ¢, = F(x.y,8) + G(z, ), (8.5)

where Q(%, y, £) is an arbitrary function of x,y and £; ViF=O,
and G(z, t) is arbitrary, '
The pressure equation is

(8.4)

l + Q=P g8 —Qxyt, 3.7)
where P is the harmomc conjugate of F glven in (8 5), and Q

is defined by (8.4).

It we choose V2§ as in (8.5), the remaining equations to be
satisfied are (8.4), and in all cases Q,, = Q,, requires

be, vy ©95)
D(x, y)
We shall consider the following cases: .
(1) V¥ = a function of z and ¢ only, say Vip = h(s, t);
(2) V2 = a function of x, s and¢ at most, i.e. Vip=h(x,z,1);
3) V) = a function of ¢, i. e. Vicp = h(}).
To obtain a solution we shall start ‘from the equation (9.5)

and satisfy it in the ways indicated above. Then we shall de-
termine the unknown function & by (8.5) and ¢ by (8.4).

(1) Let Vi) be a function of z and ¢ only, say Vi)==h(s, ).
Applymg the operator V2 to both sides of (8.5) we find
vV2h — h, =0, (10.1)
‘. vh,—h, =0, ( :
This is the diffusion equation in one dimension. Its solution

depends on the boundary conditions of the problem. If we as-
sume, for example, that V) =h, i e. the component of vor-

ticity in the direction of z-axis is constant when ¢ — o we take
h(z, t) = e~ V*q cos(Az +¢) -+ b, (10.1)

where a, b, A, ¢ are arbitrary constants. Note that by (10.1) &
can not be a function of ¢ only. Now the equation
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W — ¢, = F(x,y,t) +:‘G(2, t)

can be written as
. ) v“!’zz""bt:F‘I_c—V"‘"
We can take
G(z,) = vh(z, t) = vae ™™ cos(az + &) + vb,
since G(z, t) is arbitrary. Hence o
. W-l’zz - 4): = F(x; Y t)
- A solution of this equation is :
b= e-——VVtA(x’ y)cos (Az + ¢) + ¢(x, Y, t), (10.3)

where A(x,y) is arbitrary, and ¢ is a particular solution, i. e.

VP, — Py = — @ = F(x, y, t).
Now Viy = e""}‘y‘AiA cos(iz + &) + Vg,
= "Macos(iz +¢)+b by (10.2).
o VA=a, Vie=b (10.4)

The ss. condition (8.4) furnishes

A, + A2 —2eA =¢;, )
' AxCPX + Ay(P.'I —ap— bA = Cz(t), )

where ¢, is an arbitrary absolute constant, and c(t) is arbitrary.

The equations (10.4) and (10.5) determine A(x, y) and o(x,y,1).
These equations are just the same as those in (9.8) and (9.12).
The only difference is that in (9.12) ¢, and ¢, were absolute
constants, but in (10.5) ¢ is replaced by ¢, which is an abso-
lute constant again, and c, is replaced by c,(¢), an arbitrary
function of time. Hence in a similar way we obtain the solutions

(10.5)

A=+ o + Y2 @+ o),

=20 clt) ;
cP""2k3(y'{"ax)z'i'kvz (y+“x)9

Whgre a, k aré are arkitrary constants;,such that k2 = 1;-[—»06_’,
* and ¢, =k 0. If ¢; = 0, oy(f) must also be zero. Hence ¢ is
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b= [Zikz (y + ax)® + }% (y + a’x)J-e—"mcos(A + g)

b .Cot
tmoter+ 2ot g

The stream lines are straight lines parallel to y 4+ ax = cons-
tant. The pressure equation is

’ 2
T te=S(r—ay— 2,

kye, 2c,

2) V¥ = a function of x,z and ¢ only, say Vip = h(x, 2, ¢).
(9.5) shows that ¢, = 0, then according to the equation

| YW — ¢, = F(x, g, 1) + Gz, 1).

F,=0. Now the equation (10.1) requires
Ve + h,.) — b, = 0.
A solution which is constant when # > oo js
h=evA%[q cos(Ax - &) 4 b cos(Az + 3)] + 2c,

where a, b, ¢, &, 5, A are arbitrary real constants. Hence in-
tegrating the equation Vib = ¢, = h twice with respect to x,
we obtain

b= e—"”’[_%2 cos(Ax + g) + % bx’cos(Az 4 8) + cx?

+ xy9(s, ) + x(z, ¢). (10.7)
This makes
VWA — by = vbe—vitteos(iz + 8) + 2ve + (vg,, — @) x
+ (Ve — %), _ (10.7)

which must be of the form F(x,t)+ G(z,¢). This is pos-
sible only if vp,, — ¢, and YXzz — X+ are functions of ¢ only, say

VP — @ = ¢4(2) (10.8)

Ves = Xe = al2). § '
Hence ¢ is defined by the equations (10.7) and (10.8). The
stream lines of the motion are always straight lines parallel to
y-axis, whatever the value of “¢(x,2,#). Note that when one of
the variables x and y is absent in the stream function the ss.
conditions (8.4) and (9.5), are satisfied automatically. Then.there
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remains to satisfy the consistency equatlon (8 5) which becomes
if for example ¢, = 0, :

V(dex + 4p) — &y = Fx, £) + G('t, t),
where ViF =F..=0. o ;
Applying the operator V! to both sides, we find
Who + ho) — by =0, where h=Vi={.
 To determine ¢ we first solve this last equatlon sultably,
and then integrate the equation ¢., = h twice with respect to

x. This procedure brings some new: arbitrary functions to the

expression of ¢. They must be determined by taking -account
of the form

v(q)"x + (‘szz) - ‘P: = F(x) t) + G(l,l)- .

Now the pressure equation for the solution (10.7) is given by

where P is the Aharmomcr con]uéate of F, and Q is determined
by (8.4). (107') and (10.8) show that F =c¢,(t)x + caft). Then
P = —¢(t)y, and Q = Q(f) is arbitrary. Hence

F + Q= — cl(t)y — Qit).

(3) Let V§¢ be a function of ¢,
' Vi =h{). (10.9)
The equation (9.5) is satisfied, and (10.1) furnishes
YRR, ) ROV — ) =0, (10.10)

« This can be satisfied in different ways. We shall consider
all possibilities :

(@) A"=0. Then h=Vy=C=aqa constant, Hlence this
becomes a particular case of (1) wnth a=0, b=C. -
(ii)) A"=0, vW¥ — ¢, =0 Then A'=C and "
h=Vi=Cy (10.11)
where C is an arbltrary parameter. We have neglectedv an ar-

bitrary additive constant of integration, since its ‘contribution:to .
$ will be only to add an arbitrary function of z. Now
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W~ 4= WCY + 4. — b= 0;
) vq)zz - "')t = ch) '

Let ¢ = ¢,-T, where ¢, is a function of x,y,z and T is a
function of ¢ only. Then this becomes

v (% + C) = %‘.— = a constant == — v)3 say.
o
{ .
We have assumed the constant to be negative. The cases
where -it is‘positive‘or zero can be investigated similarly,Hence

. Tme A%, (10.12)
Vand $o wull be determmed by
q)Otz + (C + )\2) ql() ::vo' (10'13)

Now there are three possibilities: C + 2 may be positive,
_negative or zero,

a) f C+2>0,let C+ 22=m Then (10.13) gives [1]
o = A(x,y) cos mz + B(x,y) sinmz,
and Vi = C{, furnishes

Vid= CA, © (10.14)
V:B = CB.
The ss. condition (8 4) gives other three equations:
A%, + A% — CA% =y, _
By, + B, — CB* =g, (10.15)
A.B, + AB,— CAB=c,.

C itself may be positive. negative and zero If C > 0 let
.C = k*, then the equation (10.14) and (10.15) become just the
same as the equatlons (8 22) and (9.23).. In a similar way we
find the solutions: :

%(Jq, z) = aich(kx + &) cosmz - b,ch(kx + 3,)sinmz,

A 4’0(9» z) = aych(ky + &) cos mz ~}- bych(ky + 3;) sinme,

corresponding to (9.24), or

P(x,2,6) = [a)nchlkx+E,,)cos me+b;meh(kx+3;,)sin mele V%

tp()é,l‘,;) =2[a,,,.ch(ky + &3,,)cos mz+ bz,;,ch(ky‘+82m)sin m‘z]c""m (10.16)
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corresponding to (9. 25), where )2 = m? — k’
If C <o, let C==— k% Then A and B satisfy the system;,
(9.27) and (9.27), and we find the solutions

b(x,2 t)=2[a,,,,cos(kx+ elm)cos mz—l—b,,,,cos(kx-{-&lm)sm mzle "Mt '
vwg (10.17)

S

Uy,2.8) = Z[aa,..cos(ky-{— ng)cos mz + bzmcos(ky + Bzm)sm mz]e

where A’ ==m? + k% For these two sets of solutions the pres-
sure is given by : :

L + @ = arbitrary function of .

It C=0, we fmd the case (1), since then W'=0.

b) If C+ A2 <0, et C + A= — m® Then C must. always
be negative. Take C= — m? — A* = — k% The equation (10. 13)
for ¢, becomes

q)Ozx - m“l’o - 0 .
do = Alx, y) o™ + B(x, yle™™.

A and B are the the solutions of the equations (9.27) and
(9 28). Corresponding to (9.30) we obtain the solutions :

4)(9,2 t) -2[Ggmcos(ky+8 )m)e'"’—{—bmcos(ky_}_ 5, Je—m] e~ "M,

d{x;z,tin -_Z[a, ,,,cos(kx-{v- e,.,.)e”"+b,,,,cos(kx+ I Candd| e VM

10.18
Yrgie) —z[azmcos(ky+ eapene 4 bcontler-t pe-nefemite 110
$(x,y.2,¢) -—Z[a,mcos(kx-}- gmle™ + bg,,,cos(ky+52m)e—"“] e“”\zt

where A% = k? — m3. o
¢) If C4+22=0, then C=—» and (10.13) gives
'-I’o = A(x, )z + B(x, ),
§ = (Az + B) eV,
V”tl) = — A{? requires !
ViA=—NA,
‘VfB = — A\2B,
and ss. condition (8.4) gives- ‘
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. A2x+ Azy + )‘2‘42 = ¢4,
= AB, + AB, + MAB = Cy,
where ¢y, ¢, are arbitrary parameters. From the first set of equa-
tions we find particular solutions of the form
| A(x, y) = a;cos(Ax + &) + a,cos(dy + &),
+Blx,g) = bicos(Ax +5) + byeos(hy + 5,),
where a, b, &, 5 are constants of integration. Now the second
set requires . o : :
aja, = 0,
albz + azbl == 0,
aNa? - al) =_c, )
A2["15‘1‘305(81 — o)+ “gszOSI(?z — )] = c,.
The last two determine the 'éonstants ¢, €33 the first two are
“satisfied if either T '
e a =8, =0,
or ay = bl = O,
or a; = ay == (),
The last possibility can not be'accepted, because then ¢ can
-not depend on z.- The first and the second furnish the solutions

b= [aicos(hx + &) 2 + beos(x + 3)]e N, ; (10.19)
- ¢ = [azcos(py +. &)z + bycos(hy +- 8;)]e— VA, :
:Since the stream lines are parallel straight lines and since
the equation (10.13) is linear and homogeneous, we can take
as the more general solutions
b= Yllan cos(Ax + e3)z + by cos(hx + 5;3)] "%, (10 20)
: A .
v = Zlan cos(y + e01) 2 + by cos(ry + 3;)]e~ % |-
’ A

The pressure equation is

e S
(iii) In the equation (10.10) assume that neither 4’ nor A’ is
zero. The equation is integrable if and only if

¢2x + ¢29 + Lpzz = g(q)) b (10'21)
and YW — 4, = vp(y),
where g and p are arbitrary funcgions of ¢. .

+Q=an arbitrary function of ¢."
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a f;{ow'f(8.5') iélquire's 'V = 0 Pre = f p_,,, = 0 1 e. : ' L
L PR+ +ph=0, (10.23),
Pheb, + pb, =0, ; (10.24)
P‘pyq‘z‘i'l’%byz—o ’:
(8 4) requlres sz = Qyz =0, i. e.

(g - 2h }(qu), _— (g ‘Qh)¢xz_ .zz¢zx q)zq)zzx _ 0 , 3
e (10.25)
?(g” - 2h’) (‘py('ps + "_— (g,*zh)(‘pyz_'(lbzslpzy—-q)z"ptzn = {‘

In addition to these we have the equatlon (10 10), wh»lch:
now becomes

T Ketsp=o. qogg

. From (10.24) we fmd T o T
D) -

Y v S o)

by mulhplymg the first equation by ¢, the second by — qu and
adding. By the same ‘way from (10.25) we obtain- E

- ' o | Plod) D(}.,, b)
— — 2h) — 3 e V) ) 08
[ 7 ) 4’“] Dix,g) 4. Dix, gy~ 0 (10.28)
Both the equations (10. 27) and (10 28) are satlsfled if gs is a
functlon of g Let =

y bo=f@). (10.29)
Then (10, 23) may be written in the form e
| Pe—f)+ph=0. ~ (10.30)
The equahons (10 24) are satisfied if o
P+ P =0, e
Seopf=e, . C (10.31)

where ¢ is a constant of mtegra.tlon
The equatnons (10. 25) require

—2" (g" —2h)f+ §~(g —2h)f" —ff f—fSF) =0."
| (¢ — 2b)f —2f2f =, , (10.32)

where ¢, is a constant of integration.
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In addition to these we can find other two equations: The
firat- of which is obtained by applying the operator V) to both
sides of (10.29).

vm»=wmﬁ=m=v1
. fg—fM+ fh—fr=0. - (10.33)
The second addltlonal equatlons from (10.22). It can be writ-
ten in the form
=V —p,
b=k + ff — p) (10.34)
by (10.9) and (10.29). ,
Now from ¢,; = ¢z, we find

h+ff—pYf=Ffh+ff —P).

or by integrating once

A+ ff—p=af, (10.35)
where a is an arbitrary constant. Thus (10.34) becomes
, &, = vaf. | . (10.34)
Hence we have the following similtaneousequations
. Kg+hp=0, (10.26)
Plg—MH+ph=0, (10.30)
o pP’f=c (10.31)
(g —20)f — 2ftf' = ¢y, ' (10.32)
@—/f + fh—fK =0 (10.33)
and h—p+ ff =af, (10.35)

to- determine the functions p, g. h and [ in terms of cIJ Only
four of these equations are independent.

Solution : Eliminate g — f2 between the eqnatlons (10 30)
and (10.33), We find
pP'(fh— fR)—fPph=0,
: P_"(_fL_.é'_)__,_fi:O
Y 3 f .
By using (10.31)’:this‘becomes o

R_f L,
=7 tT
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Ch=bff, '('10.36)>
where b is an arbitrary constant. ‘

Inserting the value of 4 from (10.36) and the values of p’,
p" from (10. 31) into the equation (10.30), we obtain

g—)f—bff =0
f' =0 since otherwise h becomes zero, hence - V '
| g=(+1f, (10.37)
where b is different from —.1, for if b= — 1, g = ¢, + ¢, +
$s* == 0, and ¢ becomes: only a function of ¢, which can not be
the stream function of any motion.

These values of h and g satisfy the equations (10 30), (10.33)

and (10 82), and show that ¢; = 0. (10 35) determines p as a
function of f

p=+ 1ff —af. (10.38)

There remains only to satxsfy (10.26) and (10. 31) They far-
nish respectwely

b+ DAY+ ([ + 1f —a] =0, ‘
T+ DY — 20f ) =2, (10.39)
where the first equation is a consequence of the second one.

We first try tp solve (10.39), which determines f = LI); as a
function of ¢. Then the equations (10.36), (10.37) and (10.37)
and (10.38).give the values of A, g and p in terms of ¢. Finally
¢ will be determined as a function of x, y, 2 and ¢, by using
the dehmtlons of h, g, p.and f.

Neither & nor & + 1 is zero. For =0 makes h =0, and
b+ 1=0 makes g =10, but both are impossible since A’ =0
and ¢ is not a functlon of ¢ only. In fact b+ 1 is always
positive, - :

It @ =0, the equation (10.34) shows that ¢, = 0. This gi-
ves the steady case, which has been discussed in sectlon 9.
Hence @ must also be different from zero.

cis arbxtrary It may be or may not be zero. We shall con-
sider the case ¢ =0 later on.

The equation (10.39 can be written in the form
oz — kPir=s, | (10.40)
since s = f, dss: = ff’, and szz = f(ff')’, where k = a/(b + 1),
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and e =c/(b+ 1). By integrating three times with respect to
z, we find L AL

v ="_2' Aeks 4 3‘;‘+ C—Q_k 2, (10.01)

where A, B, C are functions ‘of x, y and t.
The equatlon (10 34’) requires

A, = vakA,:
v —~
Bi=— —Zj =
C,=vaB. .- :
B = Bo — Vct, : l (10.42)
C= CO + vaBot -3 viact?; s
where Ag By, Cy depend only on x and y -
The equations (10.36) and (10.37) furnish
- Vid, = bszo,
2 (=8 . s
v B" 0 bs . (1043)
V’Co—-r; , L
and Co A
AN + A, = bk3A?,,
AOxBox""AOyBoy; — bsA,,
Ao;Cox‘I_AQyC.y\"-—? bkA B(b :
Bu,C0x+Bo,C0y ”,: B,, - (10.44)
bs? |
0" + B oy = k_sz ’

Cl + Chy == BB,

These two sets of equations determine A,, Bo and CO comp-
letely. Before solving them we must consider . the cases ¢ = 0
c =k O respectively.

If ¢ =0, then s = 0. Now._the equatlons :

. . : VzBo =0
and B, 4+ BY, =0
show that B, is a constant, say
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" * Then the remaining equations beéomé

Vi34, = bk*A,,
V1zco = 6,
A A + A2,C,, = bkmA,,
C, + Ciy =bmt.

The second and the last one show that C; is . linear ih x
and y. Let

Co(xy)=ax+By,
where a? +4 (32 = bm?. Now the equation 4,:C,, + A,,C,, = bkmA,
.gives : o
k :
Ay =9 (Bx — ay). exp [;1— (ox -+ By) ] ’

~where ¢ is an arbitrary function, bu A”a;‘-{- A%, = bk*A .}
requires ¢ = constant, say n. Hence

A(,:n. exp [’%(ax + By)].

With these values of A4y, By, and C, all the equations are
satisfied when ¢ = 0. Hence, by neglecting the  térms which
depend only on z and ¢, w find

P :/% exp [,%(ax + By + mz 4+ vamt) ]—}-acx-l—ﬁy ;5 (10.45)
where k = a/(b + 1), and m, n are arbitrary constants, such
that m == 0. If m =0, then B, =0, C;, = a const. and

Ay =ny- exp [1(xx + Biy) ],

where a,. B, I, n, are parameters, such that [%(a? -+ B,%) = bk%
Hence

b =T75 exp [l(ax+ Biy) + kz + vake].  (1046)

If ¢ 5=0, then s#:O. By a similar way we obtain the values
2
Ay =n. exp [—,fs—(ax+ 6y)],

BO = ax ;{I‘ 6!”
Co = —3 (ax + By,
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from the system (10.43) and (10.44) where «, B, n are arbitrary
constant such that a? 4 B2 = bs?/k?, and an arbitrary additive
constant in the expression of C, has been neglected. Hence ¢ is

n k?
q,;:—k—z eXp[—T(ax—}—By)-l—k(z—l-vat):l |
- (x fyg) s — i, (xx o+ By) (ax + By —ver),  (1047)

terms depending only on £ and ¢ have been neglected.
. . The stream lines in planes z = constant for the solutions

(10.45), (10.46) and (10.47) are straight lines (parallel to ax-By
= constant), Finally the pressure equation for (10.46) is or to
oy x 4 By = const. :

f 4+ Q@=va(ay —Bx) +m(t)

and for the others it is

_Pp_ + Q= va(ay¥—§X)+ m(t),

where m (¢) is arbitrary.



CHAPTER IV.
Three dimensional Ss. Motions (Continued)

11. Ss. pseudo-plane motions of the second kind.

In pseudo-plane motions of the kind the velocity compo-
nents are of the form ' '

"“"(x»y,t); vzv(x,y, t)r w==w(x,y,l),
i. e. they do not depend on z.

The continuity equation is
du |, W
oy + S = 0.
Hence there is a velocity potential ¢ (x, y, £) such that

U=1vy, v=—1¢,, (1L1)

and ¢ is determined except for an arbitrary additive function
of t. :
The vorticity components are

E=wy; 7]=—wx‘r E="—'V§4"
Ss. condition (1.8) give two equations:

D, V9
S 1) ), 11.2)
D (xy) (1.2

D, w)
—— =0, . 11.3
| D(x,y) (11.3)
The consistency equation (1.9) gives other two equations:

v V1 (Vie) — (Vi) =0, (11.9)
vViw —w, =c(t), (11.5)

where V! is Laplacian differential operator in two-dimensions and
¢ (t) is an arbitrary function of time.
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Equations (11.2) and (11.4) show that ¢ is the stream func-
tion of a ss. plane motion (See the equations 2.4 and 2.5).

After determining ¢ from (11.2) and (11.4), the equations
(11.3) and (11.5) determine w. '

The quantity
H=% + Q +%(u’+02+w2)

is determined by the equation (1.3), which is equivalent to the
system ‘

H, = — g + b2 Vib + v (Vi}), + wus,

H.l] = q)xt + (‘py°V3w -V (Vzlq))x + wWwy ,

H, =—w +v Vw +dw, —w, =c(t), by (11.3) and
(11.5).

The first three terms in the expressions of H, and H, are
the same as those of the expressions H,, H, in (2.6). Hence
if H; is the corresponding value of A in the case of pure plane
motion we obtain the relations

H.,=H,, +wow,,
H,=H,; + ww, ,
H,=c(t).

H = H, +%w“+0(f)2;
and - % + Q= c(t)z + ¢ (x4, 1), (11.6)

_where ¢ f(x,y,t)=H, — —;— (u® + 0?) is not anything else than

—’;— -+ Q in the case of pure plane motion.
In cylindrical coordinates the velocity components of a
pseudo-plane motion of the second kind are of the form -
v, =961, vi=uv(, 0,t), wy=u,(r,0,1),
i.e. they do not depend on z.°
The continuity equation is

Arvy) | dvp
> T2 O
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Hence there is a stream function ¢ (r,0,?) ‘such that

1
'Ux:—r‘ %- v, = —1¢,, (11.7)
and ¢ is determined except for an arbitrary additive function of ¢.
The vorticity components are

1 bug DU3

e —— —_— aa— 2
ci“"‘ r De ’ C2 D" CB qu)’
1 1
where V?"P:q)rr + T q”r + —r_g *.])60 .
Ss. condition (1.8) gives two equations: .
D (¢, Vi) _ 11.8)
D(r,9) =0, (
D (q); 03)
Dir, 0) =0. (11.9)
The consistency equation (1.9) also gives two equations:
WiV — (Vid =0, (11.10)
Wios — vy, = ¢y (£), (11.11)

where ¢; (#) is arbitrary. And finally
!;l + Q=c,(®)z + o, (r, 6, 9), (11.12)

where o, is the value of% + Q in the case of pure plane motion.

~ Prof. Ratip Berker says [2] that the motions of this class
seems to be the result of a superposition of

1°) a linear flow in straight lines parallel to OZ, i.e. (0,0, w) on

2°) a pure plane motion in planes parallel to XOY,i.e. (u,v,0).

R. Berker’s equations for pseudo-plane metions of the second

kind ® are [See the equations (32.1) and (32.2) of the same
memoir]

VAt Dz()q()f;;p) (Agd)t =0, 7N
o+ ) =K @), ®)

™ R. Berker has not considered the as. property. Therefore his equa-
tions (A) and (B) are more general than ours.
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where A, and A, are the operators

2 hb
Az:s—x’_lpb_yz’ B4= B34y
The equation (A) shows that ¢ is the stream function of a
pure plane motion in plane parallel to XOY plane. In order that
(0,0,w) may represent an actual motion it must satisfy the equa-

tions of motion, which requires

vi,w — ', == K (¢), ©)

and after that the as. condition
D(}, w) - D
D(xy) ¢ ®)

is satisfied automatically. Hence in order that R. Berker’s guess
may be true the equation (B) must be separable into (C) and (D).

As for our own equations, (11.2) and (11.4) show that ¢ is
the stream function of a ss. plane motion in planes parallel to
XOY plane. (11,5) indicates that (0,0,w) satisfies the equation
of motion, it is the same as (C). And lastly (11.3) shows that
the motion (0,0,w) is superposable on (u,v,0) the plane motion
of which the stream function is ¢. (11.3) is. just the equation
(D) above; it is the ss. condition.

"The equations (11.2) - (11.5) show that if c(f) = 0 equations
(11.3) and (11.5) are satisfied by

w=k Vi, (11.13)

where k is a contant. If ¢(2) == 0, then the solution takes the form
w=k-Viy +1 (), (11.14)

where I'(f) = — ¢(#), and since c(t) is arbitrary I(¢) is also arbi-

trary. Nevertheless we can find other expressions for w, by
solving tha equations (11.3) and (11.5) directly.

Solution: In order to find ss. pseudo-plane motions of the
second kind we have to solve the system of equations (11.2) —
(11.5). As we have stated before ¢ is determined from the equa-
tions (11.2) and (11.4); it is the stream function of a ss. plane
motion. After ¢ is determined the equations (11.3) and (11.5)
determine w. If both ¢ and w are independent of time the resul-
ting motion is steady; otherwise it is non-steady. :
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In chapter I. we have shown all ss, plane motions steady or
not, By using them we can construct a ss. pseude-plane motion
of the second kind corresponding to each one. We shall give
some examples; ‘

1°) Let Xy =K, where K is an absolute constant.

The equations (11:2) and(11.4)are satisfied whether ¢ is inde-
pendent of ¢ or not. If one of the variables x and y is absent
in the expression of ¢, the equation (11.3) shows that the same
variable is absent in the expression of ‘w. For example if ¢,=
then w, =0, and (11. 5) furmshes

v wx, — w, = c(t)
A partlcular solutlon of thls equatlon is
w= e g cos (Ax + &) + b(t)

or a more general solution is :
w= 2 e VW ’q; cos (Ax + &) + b(¢),
where A, a;,¢, are arbxtrary parameters and &'(¢) == —-—c(t)
Since ¢, = 0, V4 = ¢,, = K,
<I)——K2+l(t)x+m(t) (11.15)

where I(t) and m(t) are arbltrary Hence the velocity compo-
nents are

u= 0,

v =— Kx —I(t),

11.16
w= 2‘. @) cos (xx + gy e A% 4 b(t) ( )

The pressure equation (11.6) becomes
E+o=—bw 40y

If both c}a,,:;EO and P, 5= 0 the equatlon (11, 3) is satisfied by

w=f(y), / (11.17)
where f(¢) is arbitrary, Then (11.5) .furnishes
P ) UK — 40 = ol - (11.19)

This is integrable. if
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b2 + 4 = g(d)
and be = vh (),

and this implies that c(f) is a constant, say vc.
Now we have the simultaneous equations

b2 + gt = g({),
V=K
by = vh ()

to determine . After ¢ is determined (11.17) and (11.18) give w,
Let ¢ = ¢ (s,#), where s = s (,y). Then

(pxz + 4’!}2 : 2(38’ + syz) = g (q)))
) Viq) == ‘-]),,(s + Syz) + Lps ls - K’
The last equation is satisfied if
Vis =0,
5,2+ 8,2 = G(s). .
Kampé de Fériet (6,) has shown that G(s) is of the form
G(s) = s,2 + 5,2 = a%e*.

where a, k are arbitrary constants.

Now a can not be zero, since this requires s, =s, = 0. If
a #=0, k=0, then s + 5,2 = a? shows that sisa linear func-
tion of x and y. But by a suitable transformation we can always
express the solution in the form

s =ax.

Hence ¢ is a function of x and #, and we find the solution
(11.15) if a = 1.

Now g) =2 + 2 = (Kx + I)?
= 2K if m(t) = 132K, (11.19)
and vh() = IKI.’ LS (2K¢)”’,

which shows that I’ = a constant, say vA i.e. I(f) = vAt. Thus
(1. 18) becomes

2K%-f" + [K? — M2K )] f = Ke.
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The solution of this equation is

(QK\p)IIZ
f= w———(2Kap”2+"K2 + ny,

or by putting the value of 2K¢ from (11.19) we find

nK2 Kz(Kx'l'v)\t)

W=— —(Kx 1 vit) + - +ny, (11.20)

where n, n, arbitrary constants. Hence the velocity components
are

u— 0, ‘l
v=—Kx —vAt, :
11.12)
2 2(Kx-Fvh) (
W—-—~(k’x+m)—}—'i[i K* +n.\
If a0, k=0 in the equation
s.2 -} 5,2 = a’e*s,
we find (See 6)
2 1 k
s= — Tlogr—Tlogl%—l,
where r? == x? -} y% In this case the equation
q)ss(s + S.'Iz) + ws 1s - K
becomes
aleks. , =K
. K -ks
oY = gt + () s + cx(?),
or ¢=2—Kr2—g—c—'——k(t)l laklr+c(t). (11.22)

The equation (11.18) furnishes

v 42+ (VK — b)f = e(d). (11.23)
It is integrable if

b = g(9),
r & Vh(q)),
and c(t) = ve.

From (11.22) we find
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1 2Ke, | 41
bt =5 Kz,z ——5 tma
= K if ¢)(f) = cy(t) = 0.
Then ¢, =0, i.e. A(Y)=0. Hence (11,23) becomes
Ky-f + Kf =,

Lo =gbtm,
f=g b+ mlog 4--m,

or inserting the value of ¢ ==— K% we. obtain

N

w = f(}) =—:— r*+2mlog r4 m log§- 4+n, (1129
where m, n are arbitrary constants,

Now the velocity components cylindrical coordinates are

01:0, ‘ ]

t (11.25)
vy = %cr’+2mlogr+mlog T +n }
And finally

P =1 g, |
p-—l—Q—SKr + cz,

where %K"r2 is the same as the value of% 4+ Q in the case

of pure plane motion, i.e. when vy = 0.
- The solution (11.25) represents a steady ss. motion of an
incompressible viscous fluid in a finite region which excludes

the z-axis, If the region includes the z-axis we must take m =0
in the solution.

2°) Let ¢ be the function (3.3): ‘
¢ = Ay® + By* + Cy, (3.3)
where A, B, C are constants.

(11, 3) shows that w is independent of x. If w, =0, then
11.5 becomes .



SELF-SUPERPOSABLE FLUID MOTIONS 147

vw,, = ¢, where c is constant
This gives  w(y)=Ag+By+C,,
where A,,B,,C, are arbitrary constants, such that 24;v =¢.
The velocity components and the pressure equation are respectively
u = 34yt 4 2By + C,
v=0, ' (11.26)
w=Ay' + By +C;;

and
% + Q = 6A4vx + cz.
If w,=£0, the equation (11.5) becomes

vw,, — w, = c(t).
A solution of this equation is
w(y,t) = V() + b(@),
where b°(¢) = — c(t), and V is any solution of the homogeneous
equation vw,, — w, = 0. Two different values of V were given
by (4.3) and (4.4) formerly. Hence we have the solution
u = 34y +4 2By + C, .
v=0, (11. 7)
w = V(yt) + b(t);

and ‘-’:- + Q=64vx — b(t)z.

The stream lines of the motions represented by (11.26) and
(11.27) are parallel straight lines in planes parallel to XOZ.
Their slope w/u is a function of y. These are in fact pseudo-
plane motions of the first kind, since the stream lines are plane
curves.

3°) Let ¢ be the function (3.4): ,
$=Ar? logr + B log r + Cr® ; - (3.4)
where A4, B, C are arbitrary constants.

(11.9) shows that v, is independent of 6. If v;, =0, then the
equation (11.11) becomes

1
v(03" +T~v3r)=cli
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where ¢; is a constant. This gives
03=A172+Bl log f"l"‘Cl,

where A;, B,, C, are arbitrary constants, such that 44,y = ¢,
Hence the velocity components and the pressure equation in
cylindrical coordinates are respectively

v = 09
v, = — 24r log r—B% —(A+20)r, (11 28)
03 == Alr, + Bl ]Og r 'i"‘ CI'

If v, == 0, then the equation (11.11) becomes

v (03,, + %03, ) — vg; = ¢4(¥).
A solution of this equation is
vy =V (r,t) + b(¢),
where b(2) = — ¢ (), and V is any solution of the homogeneous
equation v(vg,, 4 %— vs,) — vy, = 0. Two different values of V

were given by (4.6) and (4.7 ) formerly. Hence we have the
solution

U= 0: ]

vy = — 2Ar log r —B% — (A +20)r, l; (11.29)
vy=V(rf) + b(t); J

and

% + Q=g (r,0) — b(t) 2,

where ¢ is the value of —’;— + Qin the case of pure plane mo-

tion i.e. when v; = 0.

Then stream lines of the motions represented by (11.28) and
(11.29) are spirals traced on coaxial circular cylinders with their
axes coinciding with OZ. The solutions (11.26) and (11.28) are
contained among R. Berker’s solutions [2, p. 84].

4°) Let ¢ be the function (4.2):
$(g,8) = V(gst) + 2y + By? + vy, (4.2)
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where «, § are arbitrary constants, v is an. arbitrary function of
L and V(r t) is any solution of

Wy — V,=0.

, Now taking the value of V from (4.3) and using the form
(11 13) we find

w= K-V = K(VV + 6ay -+ 28)
= — K- D kA, cos (ky + &) e VR 2K (3ay -+ B)» -
< : 2

where K is an arbitrary constant. Hence we have the solution

u= — 3 kA, sin (ky +ee "H+ 3ay? +2y+1(6), ]
v =0, : L§(11.30)
w = — K- 2, k24, cos (ky+e,)e ¥t 42K 30y +8); |

k u |

and.. :
Eto=@—6m)x+CO,

where C(¢) is arbitrary. The stream lines of the motion (11.30)

are parallel straight lines in planes parallel to XOZ. Their slope

w/u is a functon of y and ¢. Hence this is also a pseudo-plane

of the first kind since the stream lines are plane curves.

5°) Let ¢ be the function (4.5): .
(r.t)y=V(rt) + (ar* + p) log r +yr*,  (4.5)
where a, y are constants. 3 is an arbitrary function of time, and
V(r) is any solution of

V(q)rr + "'1:_ 4’,-) - !Pt =.0-

Taking V from (4.6) and using the form (11.14), ie."
vy = w=K-Vid+1i¢),

. ive dbtaﬁn the solution
0, =0, ]
vy = LK ASitkr)+Be Y (kr)]e™ vk _2ar log r — E —-(a+av)r !(11 31)
vy=—K- 2 KA, Jokr)+ B, Y (kr)]e— Vi 4-4aK log r-I-l(t), , }
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“and 2 + Q=@ (r,0 t) —U(t) e;

where J,, Y, are Bessel s functions of the first and second kind
respectively of order n, I'(f)= —c,(t) and @, is the value of p/p+Q
in the case of pure plane motion. If in (11 31} we take a==y=0
we obtain R. Berker’s solution (32.9) as a particular case (2).
The stream line of the motion (11.31) are spirals traced on
coaxial circular cylinders having their axes coincident with OZ.

6°) Let ¢ be the solution (4.10):
Yx i) = e~V . 3 [Ap cos (hx-+e,) + B, cos (g+3,)] . (4.10)

Vig = —%.
Now using the form (11.13), we find
w = K-V =— K, |
= — KA VA3 [A4, cos (Ax +¢&,) + B,, cos (Ay 4 8,) ].

Hence we obtain the motion of which the velocity compo-
nents are

u= — Ae— VA%, 2 Bp sin (Ay + 3,,), ]
o= e~ "A"%. 3 A4, sin (Ax+e,), §(11.32)
w= — KMe M. 3 {A  cos (Ax+¢,)+B, cos (Ag+3,) ] }

The vorticity components become

E=— K)\u, n=— K%, Z;=—-%w.
Hence if K= — 1/A the solution (11.32) satisfies the relation
Vx U=,

where U is the velocity vector. This states that at every point
of the fluid the vorticity vector has the same direction as the
velocity vector and is proportional to it, ie. equal vorticity
lines are coincident with the stream lines. Motions of this type
were first studied by Beltrami (1889), then by M. Caldonazzo
(1926), V. Trkal (1926), and R. Ballabh (1,1940) gave general
expressions for u, v, w satisfying the relation V X U = AU,
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Finally, the function H=ZF + Q + (u? 4 v? + w?)  for
(11.32) is given by
R S PeP
H = 5 A2

which is the same as the value of H in the case of pure plane
motion (4.10). '

REFERENCES

[1] BALLABH (R.)— Superposable fluid motions. Proceedings Benares Math.
Soc. II, New series, p. 78, 1940.

[2] BERKER (R.) - Sur quelques cas d’mtegratlon des équations du mouve-
‘ment d’on fluide visqueux incompressible. Pris-Lille, 1936.

[8] CRUDELI (U.)— Sui moti di un liquido viscoso (omogeneo) simmetrici .
rispetto ad un asse. Rend. Acec. Lincei, 6° s., t, 5, pp. 500-504, 1927.

[4] CRUDELI (U.) — Una suova categoria di moti stazionari dei liquidi pe-
santi viscosi eniro tobi ecilindrici {rotondi) verticali. Rend. Ace. Lincei,
6° s., t. 5, pp. 788-789, 1927,

[6] CRUDELI (U.) — Sopra una catagoria di moti stazionari dei llqmdl pe-
santi viscosi entro tubi cilindrici (rotondi) verticali. Rend. Ace. Lincei,
8° s., t. 6, pp. 897-401, 1927.

. [6] KAMPE DE FERIET (].)— Sur quelques cas d’integration des équations
du mouvement plan d’un fluide visqueux incompressible. Annales de la
soc. Sc. de Bruxelles, t. 50 A pp. 77-80, 1930. ,

[7] KAMPE DE FERIET (J.)— Détermination des mouvements plans d’un
fluide visqueux incompressible od la tourbillon est constant le long des
lignes de courant. Comptes Rendus du 9° Congrés Int. des Math., Zurich,
1932, t. 2, pp. 298-299.

[8] LAMB (H.)— Hydrodynamics 6° ed., Cambndge, 1932,

[9] STRANG (]J. A.)— Superposable fluid motions. Comm. de la Fac. des
Se. de VUniversité d’Ankara, t. 1, pp. 1-82, 1948. ‘

[10] ERGUN (A. N.)— Some cases of superposable fluid motions. Comm. de
la Fac. des Se. de 'Université d’Ankara, t. 2, pp. 48-88, 1949.

(Manuscript received 31 March 1954)





