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Two anyons with Coulomb interaction in a magnetic field 
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We have computed numerically the energy spectrum of two anyons with Coulomb (1/r) interaction in a uniform magnetic 
field. Both non-singular and singular energy eigenfunctions are considered. We solve a second order difference equation with 
boundary conditions by a new, simple and efficient numerical method. 

1. Introduction 

The possible existence of two-dimensional parti- 
cles with fractional statistics, known as anyons, fol- 
lows from the connection between topology and par- 
ticle statistics [ 1-4].  Such particles may exist as 
quasi-particle excitations in certain two-dimensional 
systems, and in particular the theory of the fractional 
quantum Hall effect is based in part on the model of  
charged anyons in a magnetic field [ 5,6 ]. The simple 
model of  non-interacting anyons in a uniform mag- 
netic field is essentially equivalent to that of  anyons 
in a harmonic oscillator potential. The two-particle 
problem of this kind was solved in ref. [ 2 ]. Very re- 
cently the lowest energies in the three-particle system 
have been computed numerically [7,8]. A class of  
exact many-particle solutions is also known, see for 
example refs. [ 9-14 ]. 

We present a numerical solution to the problem of 
two anyons with Coulomb interaction (i.e., a I / r  po- 
tential) in a uniform magnetic field. Anyons as quasi- 
particles must have a finite extension in all three spa- 
tial dimensions, hence the singularity in the potential 
is unrealistic, but the simple 1/r  form makes the nu- 
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merical solution simple. From the Schrrdinger equa- 
tion we derive in the standard way a second order 
difference equation for the coefficients of  a power se- 
ries, and we solve this equation numerically, impos- 
ing the proper boundary conditions. The special so- 
lutions where the power series reduces to a polynomial 
were found in ref. [ 15 ]. Our method is a direct and 
very efficient numerical method for computing high 
precision energy eigenvalues in this and in other, 
similar problems. 

Since both the "statistics interaction" and the 
Coulumb interaction are singular, one should have in 
mind the possibility of singular wavefunctions, as 
pointed out in ref. [ 16 ]. We discuss here both the 
standard regular solutions and the singular solutions, 
which contain an extra continuously variable param- 
eter. The singular wave functions give lower energy 
levels, and this might indicate that they can be phys- 
ically realized, although it is not clear what criterion 
would fix the extra parameter. 

Remarkably, all energy eigenstates are bound, even 
when the Coulomb potential is repulsive. This is 
probably true, both quantum mechanically and clas- 
sically, for a quite general radial force between the 
two particles. Classically, we would expect a drifting 
motion of the particles around each other, by analogy 
to the case of one charged particle in uniform, per- 
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pendicular electric and magnetic fields, where the 
time average of the classical motion is a drift perpen- 
dicularly to both fields. 

gives a non-singular solution u "s, whereas a = -  1 
gives a singular solution u s. For I rn[ >t 1 the singular 
solution must be rejected because it is non-normal- 
izable, but for [ m I < 1 it cannot be so easily dismissed. 

2. The eigenvalue equation 

The system of interest here consists of two anyons 
of mass/t  and charge q, in a gauge vector potential 

1 I Ax= - ~Boy, Ay= ~Box. Here B0 is the constant mag- 
netic flux density, and (x, y) is the position of one 
particle. We consider only the relative motion, which 
can be separated from the centre-of-mass motion. The 
wave function ~u must obey the relation 

~t(r, 0 + r 0  =exp(i0)  q/(r, q~), (1) 

where (r, 0) are relative polar coordinates. The angle 
0 defines the particle statistics. 

There exists a complete set of separable energy ei- 
genfunctions of the form 

q/(r, q~) = u ( r )  exp(im0) , 

0 
m - - - + 2 j ,  j = 0 ,  _+l, +_2 ,... . (2) 

The radial equation is 

+ p d p  p2 + 2 e m - p  2 - p - + 4 v  u(p)=O, 

(3) 

where (in MKSA units) 

r b= q2#r------~° f h 
P= r-o' 4rrEoh 2 , r0=2N / IqBol ' 

E I qBo I 
v = ~ - ~ ,  m = - - ,  e=sign(qBo),  (4) 

/t 

and E is the energy eigenvalue. Splitting off the 
asymptotic behaviour at p--,0 and p~ov  we look for 
solutions in the form 

u(p)=p ~lml exp(-½p 2) ~ flkp k, (5) 
k = 0  

where or= + 1. The power series is determined up to 
the normalization factor to by the difference equation 

(k+2) (kWa)flk+2 =bflk+l +2(k-d) f lk ,  (6) 

where a=2aiml + 2 and d = 2 v -  l - a l m l  +e.m. a = l  

3. The non-singular solutions 

Without the Coulomb interaction the odd terms in 
the power series vanish, and the wave function is 
normalizable if and only if the power series termi- 
nates. In fact, the infinite power series then behaves 
as exp (p2) for large p, since f l 2 k +  2 " '  fl2k/k for large k. 
However, when the even and odd terms are coupled 
by the Coulomb term in eq. (6), there may exist in- 
finite series solutions with physically acceptable 
behaviour. 

To investigate this further we write ilk= TkYk with 

Tk = F(½(k-d) )  (7) 
F(½ (k+2) )F(½ ( k+a) ) '  

and obtain the equation 

Y k + l  =bkYk- '[-  Y k - I  , 

b k 
b F(½(k+ l ) )F( ½(k+a-1)  )F(½(k-d)  ) 
4 F(~ (k+2) )F(½ (k+a))F(½ ( k - d +  1 ))" 

(8) 

For large k we have that bk" b / x ~ .  Assume that 
k>_- K, for some K, and let Mbe  the maximum of [Y~I 
and ] YK+ ~ [. Then we have from eq. (8) that 

k - - I  

lYkl~M 1-I ( l + l b ~ l )  ~<M f i  ( l + l b i l )  
i=k+ 1 i=K+ 1 

=M' .  (9) 

The infinite product converges because Y~lb~l con- 
verges, so [7kl is bounded by the constant M'.  Fur- 
thermore, when n > m 

[ ~ ) 2 n - - I - - Y 2 r n - - I  ] = b2i~2i <<.M' 
i 

I b2i l , 
i=rn 

(10) 

lY2n- -~2m I = b2i+l~2i+l  <~M' Ib2i+,l • 
i=m i=rn 

(11) 
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This shows that the odd and even sequences are 
Cauchy sequences so that the limits 

~ , ~ " =  lim 72m, y ~ d =  lim Y2m+, (12) 
m ~ o o  m ~ o ~  

exist. To prove that these two limits may be chosen 
as the two free parameters in the general solution o f  
the difference equation, we write eq. (8)  in matrix 
form, Yk + 1 =Bk Yk, with 

Y k = (  72k ~ ,  

\ ~ 2 k -  1 / 

;). ,,3, 
The transfer matrix Bk~m=B,n_ l...Bk+ iBk has deter- 
minant  1, hence Yk= ( B k ~ ) - l Y o o .  It follows that 
there exist two linearly independent solutions 

fl~-= Tk(1 + ~ - ) ,  f l f f = ( - - 1 ) k T k ( l + O E ) ,  (14) 

with 6{  ~ 0  as k~oo .  They make I/~kl the smoothest 
possible function ofk.  The positive solution fl~- gives 
a power series dominat ing exp(p 2) and must be re- 
jected. The alternating solution /?ff gives maximal 
cancellation between successive terms in the power 
series, and is the physically acceptable solution. 

To find either one o f  the solutions fl~ numerically, 
we use eq. (6),  dividing by flk+l to get a recursion 
relation for the ratios R k =  ilk+ 1 ~ilk. We start at a suit- 
able value k = K ,  say K = 5 0  or 200. The equation 
RI~+~=RK gives a first approximation to RK. We 
choose the unique positive root to get fl~-, or the 
unique negative root to get tiff. To improve the ap- 
proximation we define the ratios R~n+l)=R~n+)l/ 
R~ "), with R~ °) =Rk. By requiring that R~ ") = 1 for 
various n we obtain various degrees of  smoothing. We 
solve the equation R ~") = 1 iteratively by multiplying 
(if n is odd)  or dividing (if n is even) the present 
approximate value of  RKby ~ ,  where N =  2". The 
numerical proof  that we get the correct asymptotic 
solution is that Rk for a given k is unchanged if we 
increase K. The sequence flk we get by iterating eq. 
(6) upward from k =  0 has to match the asymptotic 
solution fl~-, and this condit ion determines the en- 
ergy eigenvalues. Special solutions are those where the 
power series terminates. 

Fig. 1 and fig. 2 show examples o f  the m and b de- 
pendence o f  the lowest energy levels. Second order 
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Fig. 1. Energy (in units of hog) versus angular momentum m for 
non-singular wave functions. We take qBo < 0. Solid lines: b= 1; 
dashed lines: b= 0. 
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Fig. 2. Energy versus Coulomb coupling b for non-singular wave 
functions, m=0.75, qBo<0. Dashed lines: first order perturba- 
tion theory for the two lowest levels. Dotted line: second order 
ground state energy. 

perturbation theory is good below I b I -~ 1, in spite of  
the singularity o f  the Coulomb potential, but clearly 
does not work for realistic values of  b ~ 10 2_ 103. 

4. The singular solutions 

For I m I < 1 one may accept solutions of  the form 
m = u"S+ u s, but restricted by the condition that the 
ratio 2=f l~ / f l ]  S must have a fixed real value. Note 
that for any given statistics angle 0 ¢  + n, + 3n, ... there 
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is exactly one  value  of  m wi th  I m I < 1. The  corre- 
spond ing  2 is a second free p a r ame t e r  de f in ing  the  
system, in  add i t i on  to 0 [ 16 ]. 2 = 0 gives the  non - s in -  
gular  so lu t ion  u "s, a n d  1 / 2 = 0  gives the par t i cu la r  
s ingular  so lu t ion  u s. 

The  two so lu t ions  u "s a n d  u s can  be c o m p u t e d  nu-  

merical ly  in  the way a l ready described,  Fo r  o ther  val-  

ues of  2 we m u s t  c o m p u t e  the two sequences  tie s a n d  
fiR, us ing eq. (6)  with the ini t ia l  values  f ibs= 1, fl~ =2 ,  
and  wri te  t h e m  as l inear  c o m b i n a t i o n s  of  the asymp-  
tot ic  so lu t ions  f l~,  

#~s = a ~  s÷ + ~ / ~ ? - ,  

s s s-F s s ~  f l k=Ol  +flk q-Ol_f lk  . (15 )  

The  energy e igenvalue  c o n d i t i o n  is tha t  the  t e rms  

(O£~fl~s+p k+lml -I-olS+flSk+pk--tml ) (16 )  
k 
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Fig. 3. Energy versus m for singular wave functions (see text). 
b= 1, qBo<0. Dashed lines: energy levels from fig. 1.2 versus m 
is plotted below. 

in  the  expans ion  for u ( p )  should  cancel  maximal ly .  
Th i s  happens  when  

rlS n s  d- a + f l  k = f ( k +  I m l )  , 

Ot S+ fl~k + = - f ( k -  I rn l ) ,  ( 17 )  

w h e r e f i s  some smoo th  func t ion .  
Note  tha t  u s coicides wi th  u ns as e i ther  m - . 0 ,  

I m l --, ½ or  I m I ~ 1, and  the so lu t ions  tha t  go to sin- 
gular  l imi t s  are mix tu res  o f  uS a n d  u ns, wi th  2--' -- 1 as 

m-- ,0  a n d  2--,0 as [ml  --, ½ or  Iml  --, 1. Note  also that  
the expec ta t ion  va lue  o f  the C o u l o m b  po ten t ia l  in  a 
s ingular  state is in f in i te  when  I m I >/½. Therefore  the  
pe r tu rba t i on  expans ion  a r o u n d  b = 0  breaks  down,  
a n d  in  an  energy eigenstate  the k ine t ic  energy par t  o f  
the h a m i l t o n i a n  m u s t  have expec ta t ion  va lue  + ~ i f  
b < 0 o r  - c o  (!!) i f  b > 0 .  

Fig. 3 shows the m d e p e n d e n c e  o f  the lowest en-  
ergy levels when  2 is chosen in  a par t icular ,  ra ther  ar- 
b i t ra ry  way. For  each m we choose ;t so as to get one  
energy level m i d w a y  be tween  the two lowest energy 
levels wi th  non - s ingu l a r  wave  funct ions .  The  figure 
shows also how 2 var ies  wi th  rn. Note  tha t  it is im-  
possible  for more  t h a n  one  single energy e igenfunc-  
t ion  to r e m a i n  s ingular  in  the l imi t  I m l ~ 1. 
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