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ABSTRACT. In this paper, we construct Bernstein type operators that repro-
duce exponential functions on simplex with one moved curved side. The opera-
tor interpolates the function at the corner points of the simplex. Used function
sequence with parameters « and S8 not only are gained more modeling flex-
ibility to operator but also satisfied to preserve some exponential functions.
We examine the convergence properties of the new approximation processes.
Later, we also state its shape preserving properties by considering classical
convexity. Finally, a Voronovskaya-type theorem is given and our results are
supported by graphics.

1. INTRODUCTION

Over the last 60 years, the study of linear approximation has been revealed
powerful and important tools in approximation theory, mainly due to their possible
applications not only in mathematics but also in other fields such as statistics,
engineering and computer science. One of the most vital aspects of the linear
approximation is the construction of sequences of linear positive operators to obtain
a new approximation process. One of them is Bernstein-type operators on a triangle
with a curved side. The operators have been studied extensively and have important
applications in many areas such as computer-aided geometric design (see e.g [6]
and [7]). In particular, several bivariate extensions of Bernstein operators have been
proposed in literature (see for instance Refs., |9], |1], |L1] and references therein).
Remember that given n € N, the bivariate Bernstein polynomial of order n on the
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simplex S = {(z,y) € R%jz,y > 0,z +y < 1} is given, for f € C(S), by

n n—k

Buf () =33 f (’; i) Pt (23 1)

k=0 1=0

n\ /n—k ek
poraten) = () ("7 )o@ - a sy

To obtain an improvement of the error of convergence in certain subsets of the
simplex, in [9], authors generalized the operators B, f (z,y) as

Bn,a,Bf (IIZ, y) = an (tn,oz (LII) atn,ﬁ (y)) ; (2)

where

where

. _—1—7n—|—\/('yn+1)2+4n(n—1)(z2+7z)
n (2) = 2(n—1) ’

with v € [0,00) and n € N,n > 1. The operators By, o 5f (2, y) fix the polynomials
of the form p? +ap; and p3 + Bps for a, B € [0, 00), where po (z,y) =1, p1 (z,y) ==
and py (z,y) = y. These operators can be considered as generalization of the
operators defined in [8] for the two variable function.

On the other hand, in recent years, there is an increasing interest in modifying
linear operators so that the new versions reproduce certain exponential functions.
Corresponding modifications of the different operators have been extensively stud-
ied nowadays, among the others, we refer the readers to [4], [14], [15], 2], [5].
In [3], the authors proposed the modification of Bernstein operators to reproduce
some exponential functions and perform better compared to the classical Bernstein
operators, under sufficient conditions. These operators are defined by

Gnf () =G, (f;z) = Z f <fz) ef“k/"e’””pn,k (anu(z)),2z€[0,1],neN, (3)
k=0

where
ehr/n
s (®) = T

In this paper, motivated by the operators and , we modify the operators
so that they preserve some exponential functions.

The present work is organized as follows. In the second section, we give defini-
tion of a new family of generalized Bernstein operators and their certain elementary
properties. In the third section, certain shape preserving properties including gen-
eralized convexity for bivariate functions are obtained. Uniform and quantitative
type convergence of the mentioned operators and a Voronovskaya type theorem are
given in fourth section. In the last two section, we have an inequality showing that
the new operator is closer to function f and present examples of graphics supporting
the results.
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2. THE NEW GENERALIZED BERNSTEIN OPERATORS

For each integer n > 1, let r,, : (0,00) x [0, 1] — [0, 1] be the function defined by

en —1
71(772):: ol )
en — 1

for v € (0,00) and z € [0, 1]. We introduce a new family of operators as follows.

Definition 1. Let So 5 = {(z,y) € R* 2,y > 0,1y (0, 2) + 1, (B,y) <1} C S for
each integer n and «, 5 > 0. We define the Bernstein operators on C (Sa,g) as
AN
B ) =303 (55 )i,
k=0 1=0
where

st = (1) (") @ 0 (0 ) = s (B

It is obvious that 0 < 7, (a,2) <z and 0 < 7, (8,y) < y. For each n > 1 and
x,y € [0,1], if we accept 7y, (o, 2) = x and r,, (8,y) = y (it can be take as n — 00),
then BYA f (x,y) becomes to B, f (z,y) on S.

Throughout the paper, a,8 > 0 represent fixed real parameters and emp;f;-ﬁ
represents the exponential function defined by exp;” B (1) 1= elotitibta for  j =
0,1,2. The inverse of the exponential function Wlth respect to first variable ¢ is
denoted by logg and for second variable ¢z, we use the representation logj.

Note that, for the B2 f (z,y) to be positive operator, it must be defined on the
triangular region S, g with curved side. This situation is shown in the Figure 1.
The equalities

rn (7,0) =0 and r, (7,1) =1
are hold. The bivariate Bernstein operators B%? f (z,y) interpolate f (z,y) at the
corner points of the simplex, namely
Byl f(0,0) = f(0,0), Byff(1,0)=f(1,0) and B37f(0,1) = f(0,1).
Let o, 8 € (0,00) and n > 1. Proceeding as it is usually done for the classical
Bernstein polynomials, it is easily attained that

By P expyy (z,y) =1, BePexply (z,y) = e, BaPexpgy (z,y) =, (4)
ByPexp3y (z,y) = ((e* +1) (€™ —1) +1)", (5)
B expgf (x,y) = ((e% + 1) (e%y - 1) + 1) . (6)

On the other hand, for each v € (0, 0), z — r, (7, 2) is an increasing and convex
real function satisfying r,, (7,0) = 0, v, (7,1) =1 and 0 < 7, (7,2) < z < 1 for
0 < z < 1. As a direct consequence, for a, 8 € (0,00), B&? is a positive operator
which interpolates f at the vertices of S, g.
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rp(@.X) + 1p(BY) <1

[ n=10
[1 n=20
O n=50
[1 n=100
[1 n=200

FIGURE 1. The domain areas of BS# (f;x, %) with different values of 7.

3. SHAPE PRESERVING PROPERTIES

In this section, it is convenient to recover these visual shape preserving proper-
ties and add some others, in terms of generalized convexities with respect to the
functions expgi’éa , exp‘f”g and exp&’lﬁ .

In addition, for use in other shape preserving properties, we first remind a clas-
sical definition of convexity for bivariate functions:

For f € C(S), (z,y) € Sa,p and h € R*, we define (whenever it has sense):

A F(ay) = flat+hy) @y, APVf@y) = f@y+h) - f (@),
AV (@y) = fa+hy+h)+f(@,y) —f@+hy) —f(y+h),

APV (@y) = f@+2hy) —2f (@+hy) + f(2,y),

AP f(ey) = f(e.y+2h) —2f (ry+h)+ f(2.y).

Definition 2. If for h € RT, Ag’j)f > 0, then f(z,y) is convex of order (i,j),
i,jEN,0<itj<2.

Now, with the aim of obtaining the shape preserving properties that the oper-
ator BY? possesses, we investigate expressions of first two partial derivatives of
B28 f according to both x and y. To derive them needs tedious but elementary
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computation (for details see Ref. [11]).

OBs an ikl E+1 1 kol
anwf(l‘,y): ra (@,7) Z Z {f( i n)—f<n7n>}pnﬂ1kz($y)

=0

aQBa,B 82 n , nolnk-l k 11 k1
Tt = PSS e () o (5 n)}pw*”)
(97"”(0{,55 2n—2n—k—2
+n(n—1)< ) Z Z Py 2kl
k=0 1=0
e _zf(k+~)+f(k,l)},
n 'n n 'n nn

oBaS an ) e ! kEl+1 E I .
5?-/ f(xay): - 5 y Z Z {f( + >_f<n7n)}pnfl,k,l(xay)v

k=0 [=0
PEOS 87‘n ﬁ,y le’*:l p(EEY (kL
dy? S Pt Puz1i n’ o n n'n

2n—2n—k—2

or, (B,
+n(n—1)< y) Z Z P

) o)
n—2n—k—-2

ang’Bf ory, (o, x) Ory, (B, y)
Tay(%y) = n(n-1) e ay 2:0 Z: Py (@

k =i
k+1 1+1 kl+1 k+1 1 k1
) )
n n n n n 'n n'n
Also, following equality should not be forgotten:
gl
) = L (,2).

From these expressions, taking into account the aforementioned properties of the
function z — 7, (v, 2), the following results follows:

Proposition 3. Let o, 5 € (0,00) and f € C(S).

(1) If f(z,y) is convex of order (1,0) (resp. (0,1)), then so is B f.

(2) The convexity of order (2,0) (resp. (0,2)) of the function f (z,y) does not
imply the one of B f.

(3) If f(x,y) is synchronically positive, decreasing and convex of order (2,0)
(resp. (0,2)), then B&# f is convexity of order (2,0) (resp. (0,2)).

and
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(4) If f (z,y) is simultaneously classical convex of order(1,0) and (2,0) (resp.
(0,1) and (0,2)), then B3? f is classical convex of order (2, 0) (resp. (0,2)).
(5) If f (w,y) is convex of order (1,1), then so is B&# f.

4. CONVERGENCE PROPERTIES

We dedicate this section to go through some usual topics related to the conver-
gence of linear approximation processes.

Theorem 4. Let o, 8 € (0,00) and f € C(S). Then, we get
lim By (fia,y) = £ (2,y).

Proof. 1t is enough to verify the conditions

lim Bz’ﬁ

n—oo

a,B a,
(ezpm- ;z,y) = exp; ;

7 (z,y)

for the pairs of (4,5) € {(0,0),(1,0),(0,1),(2,0),(0,2)}. We have previously

shown that B4 (exp&’oﬁ; T, y) =1,B%# (expLO T, y) =e

(27.7) = (0’2) and ('LJ) = (2,0),

n—oo

and

sup
IESQ,B

Bg,,@ (eng”Oﬁ) _ 20

we get

lim Bj” (ewpg,’f + eaply :vy)

sup e
0<z<1

2

a,B

B, ax

, ByP (expo,1 ;w,y) =
eP¥. For (0,0),(1,0),(0,1) the conditions follows from above equalities.

For
n
= lim Ke%(“'l)—l-e%—e%)
n—oo
CICAS I e A
_|_ en +en —en
_ €2am+€2ﬁy
n
ar sup ‘(e%_% +€_%—€%_QQTT) —]_‘
0<z<1

. ol . . a_ awx _azx a_2a\",
Since the critical point of the function (e nTW e W —en im) iszop=21n (

we obtain that

o __ az _az
sup en n 4e n
0<z<1

sup
€Sa,p

B0 (o) —

o
n

— €

Consider the sequence of operators

B (fiz,y), (2,9) € Sap

B (fioa)={

r,y),

n

n en +1 2n
2ax n
-2 —1‘: —a 1,

@ 2n
< 620‘<6_a(6n2+1> —1)

— 0 asn — oo.

(z,y) €[0,1] x [0,1] \ Sa -
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Then, we obtain
1Bs (f:2,9) = f (@ 9)loqoyxio,m = B2 (Fi2,9) — f(x,y)HC(saﬁ)~ (7)
Therefore, we get

lim

n—oo
for the pairs of (4,7) € {(0,0),(1,0),(0,1),(2,0),(0,2)}. Applying Korovkin the-
orem to sequence B, (f), we have

a,B @b - p -
B° (empi,j 7x,y> erp; (x’y)Hc(sa,a) -

Jim (1B, (f;2,9) = £ (@ 9)llogoa)xp0,17) = O-

Therefore, from , we have desired result. O

When it comes to quantitative sight, Censor’s result yields the estimate

1Buf (2,9) — f (@) < (1+“1_‘”)+y(1_y))w(f,6>-

né?

Herein, w (f,d) is the bivariate Euclidean modulus of continuity which is defined
by

w(f,0) = SUP{|f(9517y1) — f(w2,y2)| : (zi,4:) €S, (x2 — 561)2 + (y2 — y1)2 < 5} .

Theorem 5. Let f € C(S). Then, following inequality holds

B3 (fr9) — f (2.9)] < (1+ N 1)

a2 B2

<o (£/((8 1) )+ ) e ( F - DEF -
Proof. We have

By (=2 + (2= 9)*) (a,9)

1Bo? (frz,y) — f )] < |1+ w(f,0).

52
Using mean value theorem, we get
a,f 1 1
1By (fizy)— floy)| < (1+ =5+ =
at B
a,B B ar) 2 af 5y2
By expyy — € + (exphy —e (z,y)
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Letting
2 o, o, az)? o, By 2
- = By expiy —e + (expyy —e (z,y)
= By (eansy) (w,y) — 2 + By? (eaniy ) (w,y) —
By

= ((e» +1) (e™ — 1)+ 1)” — e 4 (e

we have
1 1

’BZ:B (f,x,y) - f (xvy)
o (F((EF +1) (% =)+ )" =g (6F DR - 1)+ 1 - e )

([l
We are going to prove a Voronovskaya-type theorem for B&#.
Theorem 6. Let f € C(S). Then, we have
. o f(z,y)  Of (x,y)
Jm 20 (B2 (fie) - few) = (PHEY o) o 00
Of (,y)
9y LAY
VT yon
Pf(z,y)  ,0f(z,y)
_ 1_
+< By 6 9y )y( Y)
uniformly in (z,y) € Sq -
Proof. Let (z,y) € Sa,3. By the Taylor’s theorem, we get
af (logg, ) (e‘”,eﬁy)
f (t17t2) = f (xvy) + or (eatl - eaw)
of (-1 o az By
+ f( Ogﬁa)y(e € ) (eﬁtg _eﬁy) (8)
1| o%f (logi, ) (e e™) e
+ By 922 (e —e )

0% f (logg,logg) (ev®, efv)
0yox

62](' ('a loga) (eaz’ eﬁy) 2
+ §y2 (&Pt — )

+ 2 (eo‘tl - ea*’”) (em2 - eﬁy)

(bt y) { (e — ) 4 (2 — )7 (9)
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where 7 (t1,t2;x,y) — 0, as (t1,t2) — (z,y).
Operating B? (.;z,y) on both sides of @[), we obtain

of <log§, ) (e, elY)

Byl (fiwy) = f(a,y)+ o B? (e —e™) 2,y)
. log®) (e Py
+8f ( ) Ogﬁa)y(e ) € )33’5 ((eﬁtz _ eﬁy) ;x,y)
92f (log?,- (e‘m eﬁy)
1 @’ ’ oY aty az)?2
R
0% f logg,logg (ev, efv)
+2 ( ay52 B (e —e) (72 — ™) s,y)
82 . log% axr LBy
+Bg7.“3 (77 (t17t2; :L',y) {(eatl - eaw)z + (66t2 o eﬁy)Q} ’x,y) ' (10)
Since
of (IOgga ) (e7m,efv) _ ,-lg-aw of (z,y)
Ox or
B8 . ar 3
PF (lo8l ) () () 105 )
Ox? Ox? Ox ’
2 B (o] ar 3
o°f (10gw10g,5’> (e '€ y) Oflﬁ—lef(om%ﬁy) of (w,y)
Jydx 0yox
and
lim anL"ﬂ ((eatl — e‘”’)2 ;:c,y) = lim n ((e%(”l) +en — e%)n — 62”>
= —x(z—1)a%e*™,
lim nBeS ((eotr — o) (eﬁtg _ 6ﬁy) ‘z,y) = limn ((e%m T _ 1)” 3 eaerBy)
= —zyafe®™TFY,

directly from @D, , , (@, we get

lim 2n (BSP (fi2,y) — f(z,y)) =

n—oo

0%f (z, af (x,
( faizy)_a fémy)>x(1_x)
of (z,y)

—2zy Oyox




550 K. BOZKURT, F. OZSARAC, A. ARAL

Pf(xy)  0f (,9)
+< 0 - 9y >y(1—y)

+ lim 20877 (1 (b, t2; 2, )
X {(eo‘tl — e"””)2 + (eﬁt2 — eﬁy)Q} ;x,y) .
Now, by applying Cauchy-Schwarz inequality to the last term of , we attain
B (17 (t1,t2;2,y) {(e(th — e‘”)Q + (eﬁt2 — eﬁy)2} ;x,y)

< (B2 (P (i y)ss) )

X {\/Bf{’ﬁ ((eatl - e‘”)4 : :E,y) + \/Bﬁ’ﬁ ((eﬁt2 — eﬂy)4 : x,y) } .

Since 1 (t1,t2; x,y) — 0, as (t1,t2) — (z,y), applying Korovkin Theorem, we have
lim Bf{’ﬁ (172 (t1,t2;2,9) ;x,y) =0

n—oo

uniformly in (z,y) € Sa.3-
From calculations with Mathematica, we get

Bes ((eatl - eaz)4;:1:,y) =0 <n12> and B ((eﬁt2 — eﬁy)4;z,y) =0 <1>

n2

uniformly in (z,y) € Sa. 3.
Therefore,

2%8276 (77 (tl,tQ;.T, ZU) {(eatl - eam)z + (eﬁtQ - 653)2} 3 Ly y) - 07
as n — oo, uniformly in S, 3.
Thus, the desired result is obtained. ([l
5. COMPARISON WITH BERNSTEIN OPERATORS
In this section, we compare the operators B2# ( f; x,%) with Bernstein operators.
Definition 7. Let f € C?(S).
2
i) f(x,y) is a—convex of order (1,0) if ig;ﬁ’y) - aafgi’y) >0,
i) f(x,y) is B—convex of order (0,1) if 2 ggfzy) — ﬁaféz’y) > 0.

Theorem 8. Let f € C' (S, 3). Suppose that f (x,y) is a—convex of order (1,0),
B—convex of order (0,1) and (1,1) concave. Then, there exists ng € N such that

Byl (fizy) > f(,y)
for alln > mng and (x,y) € S, .
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Theorem 9. Let f € C'(S,,5). Suppose that there exists ng € N such that

f(@y) < By (fi2.y) < Ba (fi2,9)
for alln > ny and (z,y) € Sa,3. Then,

Pf (r.y) _ 0f (5,y)

02 =% oz ° 0 (11)
f(z,y) _ ,0f (z,y)
0E 2 B oy 20 (12)
and of (2.9)
T,y
“oyow = (13)

Conversely, if , and hold with strict inequalities at a given point
(x,y) € Sa,g, then there exists ng € N such that for all n > ng

fla,y) < BEP (fia,y) < By (fiz,y)-

Remark 10. We can easily see that following equality, if f is (1,0)-convex and
(0,1)-convex, then the functions a — BYP (fiz,y) and B — B&P (f;z,y) are de-
creasing:

orn (a,z) xe%(e%—l)—e%(e%—1)<xe%(% 1) - e%(%—l)
dox n(e% —1)2 - n( g 1)
_ (x—1) eQT (eﬁz— 1) <0,
n(ei —1)

oBYB f an iy E+1 1 ko1 7
5T () = P10 ;) Zj { ( - n)f(n n)}pnﬁlkl(m.

Since BB (f;x,y) converges uniformly in Sa 5 towards B, (f;z,y) as a,3 — 0
and the convergence is decreasing, then B (f;x,y) < By (f;x,y). That is the
operators B&P (f;x,y) provide a better approzimation in a certain sense than the
classical Bernstein operator for mentioned class of functions.

6. GRAPHICAL AND NUMERICAL ANALYSIS

In this section, we give some graphs and numerical examples to show the con-
vergence of B2 (f;x,y) to f (z,y) with the different values of o, 3 and n.

Let f(z,y) = ¢?"+v’ The graphs of BB (f;x,y) with the different values of n
are shown in Figure [2| and different values of a and 3 are demonsrated in Figure

In Figure [2| we intend to show how the operators approximate to f (z,y) =
e®"+9’ for increasing n. Figureshows that B&# (f; x,y) approximates to f (z,y) =
e®*+v’ for decreasing « and .
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(fxy)=e**, a=100, p=100)

Hl n=10
I n=20
I n=50
l n=100

Il n=200

K fxy)=e"

FIGURE 2. The graphic is about how the B2 (f;x,y) approximates
to f(z,y) with different values of n for « = 100 and 8 = 100.

(fxy)=e***, n=100)

W @=1000, 8=1000
W =500, 8=500

H =100, 3=100

L f(xy)=e”

FIGURE 3. The graphs of B> (f;x,y) with different values of @ and
B for n = 100.

We can see from Table 1 the errors of the operator B%# (f;x,y). In the Table 1,
the errors of ||Bg’5 H-=f || for some values of n,a and [ are demonstrated.
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TABLE 1. The errors of approximation

1BaP(f)—f][]| n=10 | n=20 | n=50 | n=100 | n =200
a=1 0.1869760 | 0.0929331 | 0.0370372 | 0.0184957 | 0.0092420
a=05 0.0170407 | 0.0085077 | 0.0033999 | 0.0016994 | 0.0008495
a=01 0.0003053 | 0.0001526 | 0.0000610 | 0.0000305 | 0.0000152
a=0.05 | 0.0000690 | 0.0000345 | 0.0000138 | 0.0000069 | 0.0000034
a=0.01 | 0.0000025 | 0.0000012 | 0.0000005 | 0.0000002 | 0.0000001
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