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NONLINEAR m—SINGULAR INTEGRAL OPERATORS IN THE
FRAMEWORK OF FATOU TYPE WEIGHTED CONVERGENCE

GUMRAH UYSAL

ABSTRACT. In the present paper, we prove some theorems concerning Fatou
type weighted pointwise convergence of nonlinear m—singular integral opera-
tors of the form:

T (f; 2) :/K,\ <t,2(1)k1( 7]? )f(m+kt)> dt,
R k=1

where £ € R, m > 1 is a finite natural number and A € A which is a non-
empty set of non-negative indices, at a common m — p — u—Lebesgue point of
f € Lpo(R) (1 <p<oo)and ¢. Here, ¢ : R — RT is a weight function en-
dowed with some specific properties and Ly, ,(R) is the space of all measurable

functions for which

P
%’ is integrable on R.

1. Introduction

The approximation by singular integral operators is one of the highly studied and
oldest topics of approximation theory. The researchers of this theory have investi-
gated the limit behaviors of these type of operators while working on the problem
of representing functions on some sets. The principal part of this survey belongs
to approximation by linear singular integral operators on account of the comfort of
the investigation. However, current problems of natural and applied sciences can
not be interpreted by using only linear operator theory since nonlinear problems
are included in the scope of those problems. Before giving brief information on
nonlinear singular integrals, we first mention some of the studies and approxima-
tion technics used therein which have come to the fore in the literature of linear
singular integral operators.

Fourier series of the functions play an important role in the representation of
functions at their characteristic points, such as point of continuity, d—point and
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Lebesgue point. Especially, the connection between the Fourier series of the func-
tions and the following integral operator

b
LA(f;x)z/f(t)K)\(t—z)dt, x € {a,b), AeQ, (1.1)

where 2 is a set of non-negative numbers with accumulation point A, the symbol
(a, b) stands for closed, semi-closed or open arbitrary interval and K is the ker-
nel function satisfying suitable conditions, is a well-known fact. Here, the kernel
function satisfies the singularity assumption limy_,, K (0) = co. For some impor-
tant studies concerning the pointwise convergence of the operators of type (1.1) in
different settings, we refer the reader to [2] [6 [I7, 22]. Also, we have to mention
the studies [T}, 17, [29] which contain many important results on weighted pointwise
convergence of linear type of singular integral operators.

Now, we focus on Fatou type convergence, which is the heart of the matter, and
give some related information. The great work by Fatou [9] gave an idea to the
researchers such that the existence of one limit may indicate the existence of another
one, and it was directly and indirectly used in the solutions of many approximation
problems. The works directly based on this work with its theoretical background
may be given as [8, [16].

Later on, Musielak [I8] studied the nonlinear integral operators in the following
setting:

Tof(y) = / Koo —y; f@)de, yeG, weA, (1.2)
G

where G is a locally compact Abelian group equipped with Haar measure and A

is a non-empty index set with any topology. In this work, he used the Lipschitz

condition for K, with respect to second variable. Therefore, the solution technics

developed for approximation problems for the linear case became applicable to

nonlinear approximation problems. For some advanced studies about nonlinear

integral operators in several settings, we refer the reader to [3], [ [5] [TT], 19, 20} 26].
Mamedov [I7] obtained the following m—singular integral operators

L) = 1yt [ [fj(—l)m-k (%) s+
R

k=1

K(t)dt, (1.3)

where z € R, m > 1 is a finite natural number and A € A which is a non-empty set
of non-negative indices, by using m—th finite difference formulas. Here, the main
concern is approximation of the m—th derivatives of the integral of the functions
pointwise by using the corresponding m—singular integral operators. Later on,
Karsli [I5] studied the Fatou type convergence of nonlinear counterparts of the
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operators of type (1.3) in the following form:

T/{M](f;x) = /K)\ (t,i(—l)k_l < TZ > flz+ kt)) dt, (1.4)
o k=1

where z € R, m > 1 is a finite natural number and A € A which is a non-empty
set of non-negative indices, at m — p — pu—Lebesgue point of the functions f €
L, (R) (1 <p< o), where L, (R) is the space of all measurable functions for which
|f|I” is integrable on R. For some advanced studies concerning approximation by
m—singular integral operators in various settings, we refer the reader to [5] 13}, 23].

As a continuation of the works [5l [15], I7], the current manuscript presents some
results on the Fatou type weighted convergence of the operators of type (1.4). Our
main concern is to prove that the family of the functions of type (1.4) converge to the
functions f € L, , (R) (1 < p < 00), where ¢ : R — R is a suitable weight function
satisfying submultiplication property, i.e., ¢ (t+z) < ¢ (t) ¢ (z), Vt,z € R (for
some specific weight functions satisfying this algebraic property see, for example,
[12, 17]), and L, , (R) is the space of all measurable functions for which ‘%‘p is

integrable on R (see, e.g., [I7]), at their m — p — u—Lebesgue points.

The paper is organized as follows: In Section 2, we introduce fundamental no-
tions. In Section 3, we prove auxiliary results concerning existence and pointwise
convergence of the operators of type (1.4). In Section 4, we present, as a main
result, Fatou type convergence theorem for the indicated operators. In Section 5,
we establish the rates of both pointwise and Fatou type convergences by using the
results obtained in the previous two sections.

2. Preliminaries

Definition 1. Let 1 < p < co and 69 € RT be a fized number. A point xqg € R
characterized with the following relation
h

. 1 m p _
tim s [ AT g(0)l e =0, (2.1)
0
where .
m m— m
APglan) = (-0 () gt + k),
k=0

is called m — p — p—Lebesgue point of locally p—integrable function (i.e., a function
whose p — th power is Lebesque integrable on arbitrary bounded subsets of R) g :
R — R. Here,  : R — R is an increasing and absolutely continuous function on
0 < h < éy. Here, the relation( 2.1 ) also holds when the integral is taken from —h
to 0.

Remark 1. Definition 1 is similar to the characteristic point definition given and
used in [15], i.e., the difference is the domain of the integration. On the other hand,
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for some other u—generalized Lebesgue point characterizations, we refer the reader
to [10, 23] and [30].

Definition 2. (Class A,) Let 1 < p < oo and A be a non-empty set of non-
negative \ indices with accumulation point \g. Let o : R — R be a bounded weight
function on arbitrary bounded subsets of R such that

pt+z)<p(t)e() (2.2)

holds for every t,x € R. We will say that the family of the functions Ky : RxR —
R, where Kx(¥,u) is Lebesgue integrable on R for every u € R and X € A, belongs
to Class A, if the following conditions are satisfied:

a) Kx(9,0) =0, for every ¥ € R and X € A.
b) There exists a function Ly : R — R which is integrable on R for each A € A
such that the following inequality

(B, w) = K (8 0)] < La(t) [u — vl

holds for every ¢t € R, u,v € R and A € A.

¢) For every u € R, we have

Jlim /K,\ <t,;(—1)k—1 ( " ) %wm + kt)> dt —u| =0,
A =

provided zg € R is a m — p — p—Lebesgue point of ¢.

d) lim |[sup [(pkp(t)LA (t)] =0, for every £ >0 and k=1, ...,m.
Ao | [e]>¢

e) )\lin)} l [ ™ ()L (t) dt] =0, for every { >0 and k= 1,...,m.
70 Liel>¢

f) For a given number 6; > 0, the function L (t) is non-decreasing on (—dy, 0]
and non-increasing on [0, §1) with respect to ¢, for any A € A.
9) ||<pkL>\||L1(R) < My < o0, for every A € A and £k =0,1,...,m.

Throughout this article, we assume that K belongs to Class A,.

Remark 2. The studies [3, [15, 17, 29], among others, are used as main reference
works in the construction stage of Class A,. For the Lipschitz condition (b), we
refer the reader to [3) [18 [19].

3. AUXILIARY RESULTS

Main results in this work are based on the following theorems. On the other
hand, for the following type existence theorem, we refer the reader to [15].
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Theorem 1. If f € L, , (R) (1 <p < o0), then the operator T)[\m] (f) € Ly ,(R)

and the inequality

m

[, 0 <2

k=1

holds for every A € A.

(% )12l 171,

Proof. We prove the theorem for the case 1 < p < oo. The proof for the case p =1

is similar.

The norm in the space L, ., (R) (see, e.g., [17]) is given by the following equality:

||f“Lp¢(R (/‘fz

By condition (a), we may write

ol . = (o

[f==

IN

fuls
4L,\ (t)

)

k=1

k=1

>0 () o+ k1

p

p
dt| dz

Now, applying generalized Minkowski inequality (see, e.g., [25]), we have

| o)

ol /1

R

< LP (t
Ly, (R) */ / 3
R R

)

oGl

Using mequahty (2.2), we can write

o(x + kt) < (z)p(kt),

and since

o(kt)

inductively, we set

<

Z(_l)k—l

k=1

W=

1

P
dz dt

dzr dt.

T+ kt

o((k =1+ 1)t)
e((k=1)t)p (1),

o(kt) < o*(t).

-1 (Tl:)f(a: + kt)) dt| do

1
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It follows that

1
“ Sz +kt) '
g ( < / L (@ k)| do | dt
H () Lpo®) — £ ]; oz + kt) vrt)| da
0 —
< 2(0) /o / Sl
(u)
k=1 R
= () 1 s 11,
k=1
The desired result follows from condition (g). Thus the proof is completed. O

Now, we give a theorem concerning weighted pointwise convergence of the oper-
ators of type (1.4).

Theorem 2. If zp € R is a common m — p — pu—Lebesgue point of the functions
J €Ly, (R)(1<p<oo)andp, then

timy T4 (f5:20) = £(0)| = 0
A— Ao
provided that the function

5

[t e at (3.1)
-4
where 0 < § < min{dg,01} (for the definitions of the numbers 6y and 01, see
Definition 1 and Definition 2, respectively), is bounded as A tends to Ay on Ay C A.
Here, the set Ay, which is the subset of A (the definition of A is given in Definition
2), denotes the set of \ indices on which the function defined by (3.1) remains
bounded for any fized 6 (0 < § < min{dp,01}) as A tends to Ag on this set.

Proof. We prove the theorem for the case 1 < p < oco. The proof for the case
p =1 is similar. Let |I) (zo)| = ’T)[\m] (f;zo) — f(xo)‘ and ¢ be a number such that

0<d< min{éo,él} .
In view of (c), we may write

I (z0)| = 41@ <tk (—1)k~1 ( 7/’: ) (o +kt)> dt

=1



268 GUMRAH UYSAL

m b1 m f(wo)
+4K,\ (t, k:1(—1) ( i ) So(xo)go(a:o + kt)) dt

_ i k=1 ™ f(xO) z ~ f(x

From above equality, and using (b) , we may easily get

ol < [ (7) (Lt L) g ),
R

= ¢ (o)

- k1 (Y f(@o)
+ 4‘[{)\ <t7kz_l(—1) (k’) (p(:Eo)w(wO + k‘t)) dt — f(x()) .

Since whenever y, z being positive numbers the inequality (y + 2)? < 2P(y? + 2P)
holds (see, e.g., [21]), we have
P
(t) dt)

Iy (z0)? < 2° (/ i(_l)k_l (ZL) (f($o+kt) B f(x0)><p(xo+kt) Ly
R

(t) dt

— p(xo +kt) @ (o)

- k-1 ™ f (o) x _

= 2P +2P],.
({ /] o]
t>5 -

Let 1% + é = 1. Now, we apply Holder’s inequality (see [2I]) to the integral I as
follows:

il 1]}

=My (I + I12).

+2F

We can write the integral I; as follows:

3 -1 m flxo+kt)  flzo)
;(_I)k ( k > (mg T kt) ¢(x(;)> (o + kt)

I <

p

Ly () dt

S (1) (54 - )

k=1 ¥ (550)
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Let us show that I;; — 0 as A — A\g. The following inequality holds for I35 :

= [ (%) (e = 26 i ot 1m0
> | F=1
< 2P Z > ‘m’@(xo—&-kﬂ Ly (t)dt
|t|>6 k=1
+2P / Z( > (zo + kt) | Ly (t)dt.
Applying (2.2) to the above 1ntegral we have
L € PP ( (%) Eee) ’f(t)) L (1)
[t]|>6
op i i;f (kz ) L () dt
= 2P@P(x0)[111 + 2P f(( )) ©P(w0) 112

Expanding the summation inside the integral ;17 and using the inequality (y+2)P <
2P (yP + zP), we have

wo= (G (0)[SER0) pos

[t]>8

m
< Qmpz (

k=1

sup [P OLN O] NI, , )

Similarly, we obtain

Since m is finite and using conditions (d) and (e), I111 — 0 and I112 — 0 as A — Ay,
respectively. Also, from (c¢), I — 0 as A — Ag.
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Now, we focus on I;5. We have to show that I;5 — 0 as A — Ag. Since ¢ is
bounded, ¥ is bounded for each k. Set

Ds = max{ sup (@k(t))} , 0<d<min{dp,d1}.
ko \-s<t<s k=1
Therefore, the following inequality holds:
m p
_ + kt)
I1s < P () DY Y G WG] RS
12 < (o) 5/ kz:%( ) ( k o(zo + kt) N

=

P
Ly () dt

0o 5
_ p SN ek (om0 flwo + k)
— by /+/ I;J( Y k( k )@(%—Hﬂt)
5 o =
= @P(20)Df {1121 + 22} -

For I151, let us define
0

F(t) ;:/

t

P

~ vmek (om0 f(zo + kv)
2 (-1 k( k )w(aerrlw) do.

k=0

According to Definition 1, for every € > 0, there exists d; > 0 such that the
inequality
F(t) < ep (1) (3:2)

holds for every ds satisfying 0 < d2 < 6 < min {dg, d1} . Using integration by parts
twice and (3.2), we have (for the similar situation, see [I5], [I7, 22])

0

|I121] < e/u' (—t) Ly (t) dt.
-5

Similarly,
5
‘1122| < 5/// (t) L)\ (t) dt.
0

Combining above results, we have
5
12| < eDfe?(a0) [ 4 (1) Lo (8) .
-5
0
The remaining part follows from the arbitrariness of ¢ and boundedness of / w (|t]) L (t) dt

-5
as A tends to A\g. This completes the proof. (I
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4. FaAtou TYPE CONVERGENCE

Throughout years many approximation theory researchers including Siudut [24],
Carlsson [7] and Karsli [I5] investigated the pointwise convergence of the linear and
nonlinear singular integral operators by using Fatou type convergence investigation
method, i.e., restriction of the pointwise convergence to some subsets of the plane.
Because the sensitive analysis is obtained via this method. For further reading
concerning this method, we refer the reader to [10} (14, 22, 27, 28]. Although the
expression Fatou type convergence is not directly mentioned in some works (e.g.,
[22]), they are evaluated in this concept by some contemporary researchers.

In this section we will prove the Fatou type weighted pointwise convergence of
the operators of type (1.4), i.e., the convergence will be restricted to a bounded
planar subsets of R x A. For this purpose, we suppose that for every € > 0, there
exists § > 0 such that the function Q; given as

m

S
Oute ) =Y () [ 18 k) = fao+ k0l 2 () .
~s

k=1
where 0 < § < min {dp, 1}, is bounded on the set defined as
Zosm = {(z,A) € R X Ay : Q5 (2, ) < eC},

where C' is positive constant, as (x, A) tends to (zg, o) -

Theorem 3. Suppose that the hypotheses of Theorem 2 hold. If xg € R is a
common m — p — pu—Lebesgue point of the functions f € Ly, ,(R) (1 < p < 00) and
p, then

I T (f;2) - =0
RN O (fi2) = f(zo)

provided that (z,)) € Z¢,5,m.

Proof. We prove the theorem for the case 1 < p < co. The proof for the case p =1
is similar. Let 0 < |z — 2| < 3 for a given 0 < § < min {dg, d1}.
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Now, set I (x ’T[m] fix) — f(xo)‘ . Let us write

Ly (z)| = /K)\ (t,i(—l)k_l ( 7;; >f(:c+kt)> dt — f(xo)

R k=1
- 41@ (t,é(l)’“ ( 7;;‘ > f(z+kt)> dt
—4& (t,;(—l)“ ( " ) f(ao +k:t)> dt
N / Ky (aé(—n’“ (%) st +kt)) t — fao)|.

From above equality, we deduce that

op ( / Ly (t) dt)p
/KA(, <7Z)f(930+kt)>dtf(xo)

= 2P(I1 + I3).

m

Z( " > (f(z +kt) — flzo + kt))

k=1

Iy ()]

IN

P

The following inequality holds for I; :

/ /} < >|fx+kt) f($0+kt)L,\(t)dt)

I

Il
R
— N
v

>

=

< (/i( Z‘)|fx+k;t f(xo—s—k:t)LA(t)dt)
\t|>5
o (72( m ) f (2 + kt) — o + kt)| Ly (1) dt)
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It is easy to see that

P
mo< 2 |ew | ( ) fﬁjﬁ]w%wmew
It >5*=1
P
i k
x)/Z( )fﬁgmw@mwm
\t\>6k:1

Following same strategy as in Theorem 2, we have

In < @P(2)20mT0r (M) s (Z( ) sup [o"? (t) L (ﬂ]) I£1Z,., =)

1 [t]>d

Q\'@

—HD ( )2(m+1

( sup [wkp(t)LA (ﬂ]) Hf”liw(ﬂa) :
|t]>d8

Using the same method as in the proof of Theorem 2 and condition (d), we see
that I1; — 0 as A — Aq. Clearly, by Theorem 2, I — 0 as A tends to A\g. The result
follows from the hypothesis on the integral I15.

Thus the proof is completed. O

5. RATE OF CONVERGENCE

Theorem 4. Suppose that the hypotheses of Theorem 2 are satisfied. Let
s
A8 = [Laow (e de
=5
where 0 < § < min {dg, 01}, and the following conditions are satisfied:

1) A(MN,0) — 0 as A — Ag for some 6 > 0.
(1)
(1) For every 6 >0 and k = 1,...,m, we have

sup p*? (t) L (t) = o(A(X, 9))

|t]|>d

as A — Ag.
(#it) For every § > 0 and k = 1,...,m, we have

/ O (t)Ly (t) dt = o(A(N,8)) as A — Ao.

[t]|>6
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(iv) Letting A — X, we have
p

/K,\ (t,Z(—l)k_l ( " ) f(xoiw(xo—kkt)) dt — f (z0)] = o(A(N,8)).
R k=1

@ (wo

Then, at each common m—p—p—Lebesgue point of f € L, ,(R) (1 < p < c0)
and ¢, we have

T (f500) = £ (w0)|” = oA A), a5 A = o

Proof. We prove the theorem for the case 1 < p < 0o. The proof for the case p =1
is similar. By the hypotheses of Theorem 2, we have

5
T (Fr0) = £ (@0)|| < €279 (o) (Mo) ¥ D / (1) L (1) dt
~s
+20M PP () (M) s ( " ) sup [ ()L (O] IF15, sy
=1 [t]>8
m42)p, p 2 | f(zo) |” —(m A\
+20m 2P P (50) (Mp) @(x(;) |/6 (};1( K ) o (t)> Ly () dt
t|>
49P 4]()\ (t’k_l(_l)k_l ( T]:;L > i((z(:))) o(zo —i—kt)) dt — f(zo)
The proof is completed by (i) — (iv). O

Theorem 5. Suppose that the hypotheses of Theorem & are satisfied. Let
m )
Oste N =3 () [ 15+ k0 = ftan + k)| 2 (1) .
k=1 T

where 0 < § < min {dg, 01}, and the following conditions are satisfied:

(1) Qs(z,A) — 0 as (z,\) — (x0, \o) for some ¢ > 0.
(1) For every 6 > 0 and k = 1,...,m, we have

‘swlufgcpk'p(t)LA (t) =0 (Qs(z,N)), as XA — A.
t>

(#4t) Letting (z,\) — (zo, o),

p

[ (miﬁ(—l)“ (%) fGao +t>> dt — [(ao)| =0 (R(z, ).
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Then, at each common m—p—p—Lebesgue point of f € L, ,(R) (1 < p < o0)
and ¢, we have

T (f5) = £ @o)| = 0(Qs(w.0), as () = (30, Xo).

Proof. We prove the theorem for the case 1 < p < 0o. The proof for the case p =1
is similar. Under the hypotheses of Theorem 3, we may write

T (i)~ £ (o) <

m P
@ ot (Y (1) sw [P0Ly 0] ) 171, e
—1 [t]|>6
m p
P (@0)20 O (Mo) 7 W) s PO O] ) I, @
k p.¢(R)
=1 [t|>6
92 Z( m >/|f(:c+k;t)  f(wo+ kt)| Ly () dt
k=1 s
. P
o m
2| [ (6300 () faa k) ) di = fan)
R k=1
From conditions (¢) — (¢4), the proof is completed. O
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