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SOME KOROVKIN TYPE RESULTS VIA POWER SERIES
METHOD IN MODULAR SPACES

T. YURDAKADIM

ABSTRACT. In this paper, we obtain a Korovkin type approximation result
for a sequence of positive linear operators defined on modular spaces with the
use of power series method . We also provide an example which satisfies our
theorem.

1. INTRODUCTION

The classical Korovkin theorem states the uniform convergence of a sequence
of positive linear operators in C|a, b], the space of all continuous real valued func-
tions defined on [a,b] by providing the convergence only on three test functions
{1,z,2%}. There are also trigonometric versions of this theorem with the test func-
tions {1,cosz,sinz} and abstract Korovkin type results have also been studied
[13, 17]. These type of results let us to say the convergence with minimum cal-
culations and also have important applications in the polynomial approximation
theory, in various areas of functional analysis, in numerical solutions of differential
and integral equations [1, 2] . Recently some versions of Korovkin type theo-
rems have been given in modular spaces that include as particular cases LP, Orlicz
and Musielak-Orlicz spaces [8, 19] with the use of more general convergences such
as convergences generated by summability methods, statistical, filter convergence
[9, 10, 11, 14, 15, 16, 20].

In this paper, we give a Korovkin type theorem in modular spaces by power series
method which includes both Abel and Borel methods. We also give an example
which satisfies our theorems.

2. NOTATION AND DEFINITIONS

Let us begin with recalling some basic definitions and notations used in the
paper.
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Let (pj) be real sequence with py > 0 and p1,p2,ps,... > 0, and such that
28] .
the corresponding power series p(t) := ) p;t/ has radius of convergence R with
j=0
0 < R < oo. If, for all t € (0, R),

zipit! =L
5t L

then we say that = (z;) is convergent in the sense of power series method [18, 21].
Power series method includes many well known summability methods such as Abel
and Borel. Both methods have in common that their definitions are based on power
series and that they are not matrix methods (See [12, 22] for details ). In order
to see that power series method is more effective than ordinary convergence, let

1
z=(1,0,1,0,...), R =100, p(t) = €' and for j > 0, p; = =~ Then it is easy to see
AT
that

[t
3
—_
9]
~
+
Q)
X
—

. 1 i $jtj _ j i : -

o et 241 = Pl
7=0 :0

So the sequence z = (z;) is convergent to 3 5 in the sense of power series method

but it is not convergent in the ordinary sense. Note that the power series method
is regular if and only if

4
lim —=— =0, for each j €N

hold [12]. Throughout the paper we assume that power series method is regular.
Let G = [a, b] be a bounded interval of the real line R provided with the Lebesgue
measure. We denote by X (G) the space of all real-valued measurable functions on
G with equality almost everywhere, by C(G) the space of all continuous real valued
functions on G, and by C*°(G) the space of all infinitely differentiable functions
on G. A functional ¢ : X(G) — [0,00] is a modular on X(G) provided that the
following conditions hold:
(i) o[f] = 0 if and only if f =0 a.e on G,
(i) o[—f] = olf] for every f € X(G),
(iil) olaf + Bg] < o[f] + olg] for every f,g € X(G) and for any o, > 0 with
a+p=1
A modular ¢ is said to be @-quasi convex if there exists a constant ) > 1 such
that the inequality

olaf + Byl < QauolQf] + QBo[Qy]

holds for every f,g € X(G), a, 8 > 0 with o+ 8 = 1. In particular if @ = 1, then
o is called convex.
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A modular o is said to be Q-quasi semiconvex if there exists a constant @ > 1
such that the inequality

olaf] < QaolQf]
holds for every f € X(G), f > 0 and a € (0,1]. It is clear that every Q-quasi
semiconvex modular is @-quasi convex. A modular ¢ is said to be monotone if
olf) < olg) for all f,g € X(G) with |f] < |g].
We now consider some subspaces of X (G) by means of a modular ¢ as follows

LE(G) == {f € X(G): lim o[Af] =0}
and
E¢(GQ) :={f € L°(G) : o[A\f] < o0 for all A > 0}
is called the modular space generated by ¢ and is called the space of the finite
elements of L(G) respectively. Observe that if ¢ is -quasi semiconvex then the
space
{f € X(G): o[Af] < o0 for some A > 0}

coincides with L2(G). The notions about modulars have been introduced and widely
discussed in [4, 5, 6, 7, 8] .

Now we define the convergences in the sense of power series method in modular
spaces. Let {f;} be a function sequence whose terms belong to L¢(G). Then, {f;}
is modularly convergent to a function f € L2(G) in the sense of power series method
if and only if

t_>R ot ijt o[Mo(f; — f)] = 0 for some Ao > 0.

Also, {f;} is strongly convergent to a function f € L9(G) in the sense of power
series method if and only if

ij 5 — [)] =0 for every A > 0.
tHR p

Recall that {f;} is modularly convergent to a function f € L2(G) if and only if
lim o[Ao(f; — f)] = 0 for some Ao > 0,
j—00

also {f;} is strongly convergent to a function f € L¢(G) if and only if
lim o[A(f; — f)] =0 for every A > 0.
J—00

If there exists a constant M > 0 such that
o[2u] < Mo[u]

holds for all u > 0 then it is said to be that g satisfies the As-condition. A modular
o is said to be

e finite if x, the characteristic function associated with G, belongs to L¢(G),
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e absolutely finite if g is finite and for every € > 0, A > 0 there exists 6 > 0
such that g[Axg] < ¢ for any measurable subset B C G with |B| < 4,

e strongly finite if xo € E¢(G),

e absolutely continuous if there is a positive constant a with the property:
for all f € X(G) with o[f] < oo, the following condition holds: for every
€ > 0 there is a ¢ > 0 such that plafx ] < € whenever B is any measurable
subset of G with |B| < 4.

Recall that if a modular ¢ is monotone and finite, then we have C(G) C L(G)
[4]. In a similar manner, if ¢ is monotone and strongly finite, then C(G) C E?(G).

3. MODULAR KOROVKIN THEOREM BY POWER SERIES METHOD

Let o be monotone and finite modular on X (G). Assume that D is a set satisfying
C*(G@) Cc D C L?(G). We can construct such a subset D since g is monotone and
finite. Assume further that 7' := {7} is a sequence of positive linear operators
from D into X (G) for which there exists a subset X7 C D containing C*°(G) such
that the inequality

lim sup —— Zp]t o[A(T3h)] < Po(Ah) (3.1)
t—R~ p J -0

holds for every h € X7, A > 0 and for an absolute positive constant P. Throughout
the paper we use the test functions defined by e;(z) = 2%, i =0,1,2, ....

Theorem 1. Let ¢ be a strongly finite, monotone, absolutely continuous and Q-
quasi semiconvexr modular on X (G). Let T;, j € N, be a sequence of positive linear
operators from D into X(G) satisfying (3.1). If

ijt Q Tez* 1')]—0,

t~>R p

for every A >0 and i = 0,1,2, then for every f € L8(G) such that f — g € Xt for
every g € C*(Q)

ijt oV (Tif = )] =

t—>R_
for some v > 0.

Proof. Let g € C(G) and first we show that

v =0, > 0. 3.2
tHR p(t ij olu(Tjg — g)] for every p (3.2)

Since g is uniformly continuous on G then there exists a constant M > 0 such that
lg(z)| < M for every x € G. Given € > 0, we can choose ¢ > 0 such that |y —z| < 0
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implies |g(y) — g(x)| < € where z,y € G. One can see that for all z,y € G

l9(y) — 9(2)| < e+ 27]\24(2/ - )%,
Since {T}} is a sequence of positive linear operators, we get
1T3(6:) — 9@)] = T3 (6() — 9():2) + 9()(Tyeo( ) ) — eow))
< T3(19() — g(a)l ) + lg(@ Ty eo( ) ) — eof)
< Tj(e + 23— %) + MITy(eol.)52) — eole)

< ETy(e0(); ) + ST ( = )%2) + MITy(eo()52) — eo(s)

<e+ (e + M)|Tj(eo(.); ) — eo()]

+ %[Tj(ez(-); x) — 2e1(x)Tj(e1(.); z) + ea () Ty (eo(.); )]

<e+(e+ M)[Tj(eo(); ) — eo(a)] + %ITj(ez(-);x) — ea()]

+ 9 7 0, 2) - er(@)+ 2D 1300 i2) — o)
7,.2

Sed(e+M+ %)ITj(eo(-);x) —eo(x))|

+ BT e 0i0) - a@] + 2 T el - o)

where 7 := max{|al, |b|}. So the last inequality gives for any p > 0 that

ulTi(gix) — g(@)| < pe+ pK|Tj(eo(.);x) — eo(@)| + pK|Tj(er();x) — ex(w)]
TuK|Tj(e2(.); x) — ea(w)]|

where K := max{e + M + 2]\542’”2, 4%”, 25—12‘/[} By applying the modular g in the both

sides of the above inequality, since g is monotone, we have
oli(T;(g;-) — 9())] < elpe + pK|Tjeo — eo| + pK|[Tjer — ea| + pK[Tjes — eo].
So we may write that
olu(Tj(g; ) =9 ()] < eldpel+olduK (Tieo—eo)l+o[dnK (Tier—e1)|+eo[4puK (Tjea—e)].
Since g is @-quasi semiconvex and strongly finite, we have

olu(Ti(g;-) —g())] < QeolduQ] + o[4uK (Tjeo — eo)] + o[4nK (Tjer — e1)]
+Q[4MK(Tj€2 — 62)]
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without loss of generality where 0 < ¢ < 1. Hence

[ee]

% > _pit!elu(T;(g:) — 9())] < Qeel4pQ] + % > pit? o[4uK (Tjeo — €o))
ot 2

=B

1 (o]
—Z o[4uK (Tje; — e1)] +

p(t) ijth[4HK(Tj62 —e9)]

1
p(t) =
and taking limit superior as ¢t — R~ in the both sides, by using hypothesis, we get

ijt o[i(Tjg—g)] =0

t—>R p

which proves our claim. Now let f € L2(G) satisfying f — g € Xr for every
g € C*(G). Since |G| < 0o and p is strongly finite and absolutely continuous, it is
known that g is also absolutely finite on X (G) (see [3]). Using the properties of o
and it is also known from [8] that the space C*°(G) is modularly dense in L2(G),
i.e., there exists a sequence {g} C C*°(G) such that

hl?l 0[3X o (g — f)] =0 for some Ao > 0.
This means that, for every € > 0, there is a positive number kg = ko(g) so that
o3o(gk — )] < & for every k> k.

On the other hand, by linearity and positivity of the operators 7; we may write
that

Mol Tif = fI < XolTi(f = gro)l + Mol Tjgro — kol + Aol (gre — f)I-

Applying the modular g in the both sides of the above inequality, since g is monotone

o[ Mo(Tif = £)] < oBM(T5(f — gro))] + 03X (Tjgry — ko)) + 013X ((gr, — )]

Then it follows from the above inequalities that

oMo (T f = )] < a3BXo(Ti(f — gro))] + 0[3Xo(Tj gk, — 9o )] + €.

Hence, using the facts that gr, € C°°(G) and f — gi, € X7, we have

1 .
0] ijt’QB)\O(Tjgko = ko)] &
=0



SOME KOROVKIN TYPE RESULTS VIA POWER SERIES METHOD 71
Taking limit superior as ¢ — R~ in both sides, we obtain that

: 1 &
lim sup - ;pﬂgm@f — Nl < e+ Pol3Xo(f = go)]

I &
+ limsup — pit? 0[3X0 (T ge — ko)
t—R— p(t) jgo ! o ’

(3.3)

which gives

lim sup — ijt oMo(T;f—f)] < e+eP+limsup — 2@ ijt 013X (T} Gy — Gk ) -

t—R— p t—R~

By (3.2), we get

hm;upp Zpﬂf o[3Mo(T’ J9ko — Iro)] =0
t—

and this implies

t—R— D

lim sup % ijtjg[)\o(ij —f)] <e+eP.
=0

Since ¢ is arbitrary positive real number, we have

t—R- D

: L o
lim sup o) jz::Opjt’Q[/\o(ij -l =
and also ﬁ Zopjtjg[/\o(ij — f)] is nonnegative then
j=
ijt o[M(Tif — ]l =

t—>R p

This completes the proof. ([l

If the modular p satisfies the As-condition, then one can get the following result
from the above theorem.

Theorem 2. Let ¢ and T = {1} be as in the above theorem. If o satisfies the
As-condition, then the followings are equivalent:

. hm (t) Z pit? o[ N(Tje; —e;)] =0, for every A >0 and i=0,1,2

. hm t) ijt oY (T;f — f)] = 0, for every X > 0 then every f €
LQ(G) such that f—g¢€ Xrp, for every g € C*(QG).
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4. CONCLUDING REMARKS
Take G = [0,1] and let ¢ : [0,00) — [0,00) be a continuous function for which
the following conditions hold:
e ( is convex,
e ©(0)=0,0(u) >0 foru>0and lim ¢(u)=occ.
u—+00
Here, consider the functional p? on X (G) defined by
1
p7(0) = [ elf@)da. for € X(G)
0
In this case, p¥ is a convex modular on X (G) (see [4]). Consider the Orlicz space
generated by ¢ as follows
- 0 .
LL(G) = {f € L’(G) : p*(\f) < oo for some A > 0}.

Then, consider the following classical Bernstein-Kantorovich operator ¢/ := {U;}
on the space L7 (G) (see [4]) which is defined by

J .
Uj(f;x):zz<i>xk(1 ka—l—l/ t)dt; = € G.

k=0

+

Observe that the operators U; map the Orlicz space Lf,(G) into itself. Moreover,
it is also known that the property limsup o(A(Tjh)) < Po(Ah) is satisfied with the

j—oo
choice of Xy := L (G) and for every function f € Lf(G)such that f —g € Xy for
every g € C(G), {U, f} is modularly convergent to f. Using the operators {U; f}
define the sequence of positive linear operators V' := V; on LQ(G) as follows:

Vi(fiz) = (1 +s;)U;(f; ), for f € LE(G), = €[0,1] and j €N, (4.1)

where {s;} is a sequence of zeros and ones which is not convergent but convergent
to 0 in the sense of power series method. By Lemma 5.1 of [4], for every h € Xy :=
LE(G), all A > 0 and for an absolute positive constant P, we get

p?(AVjh) = p?[M1 + 5;)U;h] < p?(2AU;h) + p?(2As;U;h)
= p?(2\U;h) + ;07 (2\U;h)
= (1 +5;)p?(2AU;h)
< (14 5,)Pp?(2)\h).
Then, we get
lim sup % jgopjtj p?(AVjh) < Pp?(2Ah).

Now, we show that conditions in the Theorem 1 holds. First note that



SOME KOROVKIN TYPE RESULTS VIA POWER SERIES METHOD 73

Vi(eo;z) =1+ s
jx 1
Viler:z) = (1 Y A
G -1 2 1
G+1)2  G+1)? 3G +1)
where ¢;(t) = t*. So for any A > 0, we can see, that

AlVj(eo;z) — eo(@)| = AL+ s; — 1] = Asj,

Viez;2) = (1+5;{ }

which implies
1

pﬂM%@w—mn=ﬁ%ma=/¢u%Mx=ﬂM»=%wu>

because of the definition of {s;}. Since {s;} is convergent to 0 in the sense of power
series method, for every A > 0

oo o0

1 ; 1 ;
limsup — » p;t/p?(A\Vj(eo) — eo) = limsup —— » p;t’sjp(N) = 0.
t—r- DP(t) ];) ! ! t—r- p(t) jgo Y

Also

. 7 J Js; 1 %

Mwwh@m@>AP%+1+j+1”+2u+n+2u+D‘
3 27 +1

= A{Q(j F Sj(2(j + 1))}’

we may write that

www&w«mzw(&%2“*>+ 3)Q

25+ a1
2j + 1 3

< 5ip? (A= + p?(—
by the definitions of {s;} and p¥. Since { (2]?111) } is convergent, there exists a constant
M > 0 such that { (2]?:'11) < M}, for every j € N. Then using the monotonicity of
p?, we have

2j+1
PPN < p?(AM

D < o)

for any A > 0, which implies
PPNV er) — ex)] < 8397 (NM) + 7 (-0) = 50 (AM) + ().
J — “J ] 11 J ] 41
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(hm 3A) = (0) = 0. So we get

Since ¢ is continuous, we have hm o( i

J+1) -

cp(%) is convergent to 0 in the sense of power series method. Using this and by

the definition of {sj}, we obtain

lim sup ijtj (AVj(e1) —e1)

t—R~
< limsup — Zp [sjp(AM) + o(—— 3 )]
=~ A p( J J ] + 1

1 .
= @(AM) lim sup W ijtjsj + litmzup Zp]
Jj=0 -

t—R— P j + 1
=0
Finally, since
AlVj(e2; ) — ea()]|
|edG=1) 2 SN 1 VP
G+ G+D? 3G+ 7 G+ T+
+ ! 2
8 x
73(j +1)?
15j +4 352 +3j+1
A S; .
- {3(j +1)2 i 3(j +1)2 }
Since {73?))?;_5{;51} is convergent, there exists a constant K > 0 such that \733 (Jff)tl\ <

K, for every j € N. Then using the monotonicity of p¥ and the definition of {s;},
we have

P ) - al] < 7 (GEED) ) + o7 (20, D)

(+1) 3(+1)°
305 + 8
CMNM—s (218, K
where which yields
PV (e2) — )] < P2 E0) + 5,0(20K).
’ T3+ 1)? !
Since ¢ is continuous, we have li§n @(Aﬁ?ﬁi) = <p()\li§n 3%?{:1?2) = ¢(0) = 0. So

we get @(A%) is convergent to 0 in the sense of power series method. Using

this and by the definition of {s;}, we obtain

hmsup Zp]tj (AVj(e2) —e2) =0, for every A > 0.
t—R~
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we can say that our sequence V' := {V;} satisfies all assumptions of Theorem 1.

Therefore we conclude that

1 &<
lim sup — ijtjp“”()\ij(f) —f)=0, for some \p >0
t—R~ p(t) =0

holds for every f € L (G) such that f—g € Xy for every g € C*°(G). However since
{s;} is not convergent to zero, it is clear that {V;(f)} is not modularly convergent

to

I
Note that
1
e in the case of R = 1, p(t) = T3 and for j > 0, p; = 1 the power
series method coincides with Abel method which is a sequence-to-function
transformation,

1
e in the case of R = 0o, p(t) = €' and for j > 0, p; = = the power series
7!
method coincides with Borel method.

We can therefore give all of the theorems of this paper for Abel and Borel con-

vergences.
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