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ABSTRACT

In this paper we show that the hypersurfaces $ (x) in Minkowski (n-+1) — space M™+! given
by:
X12 + ...+ in d g X21141» o #* 0,
carry induced Riemannian metries which is positive nefinite in case « > 0 and negative definite

in case a << 0. Also the curvature of S () is constant and cqual to —n (n-1)/ o for & > 0 and
n (n-1)/ o for « < 0.

THE MAIN RESULT

The “positive spheres” S («) in Minkowski (n-1) — space MR*1 is
given by:

{(x1, X2, +o0y Xnyp) € ROFL s xq2 4 L0 Lo x2) L g = X2y, o = 0}

This is a hyperbolid of revolution of two sheets diffeomorphic to

Rn x S0, Thus S («) is a smooth hypersurface in R?+1, The Lorentz struc-

ture on R™*! induces a symmetric bilinear form on the tangent space
TxS to S at each x € S. This form h can be calculated as follows:

Without loss of generality we can restrict sttention to the positive
spheres S, where xp,; > o. and « > o. There is a coordinate system
on S, given by projection to the first n coordinates in R2+1 and

ds?2 = d x;2 + dx2, 4 .. 4+ d x42 — d x2,, but

x2n1 = x2) 4 x2, + ... + x2, + «, and hence
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dx2p.q == (xqdx; + xp dxp)2/ A,
where
= x2y + ...+ x2y o
Now ds? takes the form
n 1 n
ds2 = ¥ dx?; - — = xix; dxg dx;
k=1 A et
T}
= X hyj dxj,
i,i=1
thus the matrix Hy representing the form hy for any x € S is given by
i X2 X N> X{Xp
A A o A
% x2 XXy
He — A A N
XnX{ XpX) 1 x2y,
AN AN VAN
== ( has n positive eigen

Il

i

It is not difficult to show that [Hyx — &l
values, i.¢., the metric hy has signature n and hence is a positive definite.

Similary in the case « < 0, the induced Riemannian metric will

be negztive defivite.
To calculate the curvature we corsider first the case n = 2. In
case the covariant and contravariant components of the form h are:

this
-2 2
x X{Xo ; x
hll = 1 — Al , 1112 == ]]21 e IA“ 5 1122 [ Zj ,
0.*{*?\'21 XXz O€+X27
hll — , hi2 = b2l = 2 W2 = 2
o o o
Also the affine connections ['¢,;, have the components:
ab P
I X (x4x2)) 2, X (o-x2;)
11 N 3 11 PN 3
2.x 2
. X41X2 X1X 2
= 'y = ——=, 12 = Iy = ———.
[AVAN [AAN

I'p =
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xq (o4x27) . x5 (ot-+x24)
T2 AN ’ 22 VAN

By using the formula,

STe 5
R o ol ab aFL&c
ab T

ox© oxb

i e Tid e
T Fdab chc — I ac I(db’

for the Ricci tensors, it is easy to check that:

{o-fx25) XX (x—-=x24)
Ry = — BTN Ry, == T Ry, Ry = — VN

and hence the curvature of S, will he

R=—2/a
Now, for n = 3, the Ricci Lensors are given hy:
2 2X1X2
Ry = — _— (¢ 4 x2; + x23), Ry = Ry = A
2 . » 2 x;%;3
Ry = — oo (@ xh ), Ry = Ry = N
) | 5 , 5 2X1X3
R%S—_OCA(TXI“FX?): Ri; = Ry = A
, y B) 2 e can he senerali ot the ~
and hence R = — 22277 | This can be generalized for the n case
o

for the hypersurfaces S (o) where o > 0 and once again for « << 0 to have
n{n-1)/x, n = 2

! l/¢ , n =1,

where the curvature R is negative for o > 0 and poesitive for ¢ < 0.
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