COMMUNICATIONS

DE LA FACULTE DES SCIENCES
DE L’UNIVERSITE D’ANKARA

Série A : Mathématiques

TOME : 30 ANNEE : 1981

A LA MEMOIRE D’ATATURK AU CENTENAIRE DE SA NAISSANCE

On The Degree Of Approximation Of Continuous Functions
by

PREM CHANDRA

2

Faculté des Sciences de I’Université d’Ankara
Ankara, Turquie



Communications de la Faculté des Sciences
de 1’Université d’Ankara

Comité de Redaction de la Série A,
B. Yurtsever H. Hacisalihogiu, M. Orug,
Secrétaire de Publication

O. Cakar

La Revue “Communications de la Faculté des Sciences de
’Université d’Ankara” est un organe de publication englobant
toutes les diciplines scientifique représentées a la Faculté des
Sciences de 1’Université d’Ankara.

La Revue, jusqu’a 1975 a1’exception des tomes 1, 11, I11 etait
composé de trois séries ,

Série A: Mathématiques, Physique et Astronomie,

Série B: Chimie,

Série C: Sciences Naturelles.
A partir de 1975 la Revue comprend sept séries:

Série A,: Mathématiques,

Série A,: Physique,

Série Ai;: Astronomie,

Série B: Chimie,

Série C;: Géologie,

Série C.: Botanique,

Série C;: Zoologie.

En principe, la Revue est réservée aux mémoires originaux
des membres de la Faculté des Sciences de I'Université d’Ankara.
Elle accepte cependant, dans la mesure de la place disponible
les communications des auteurs étrangers. Les langues Allemande,
Anglaise et Francaise seront acceptées indifféremment. Tout ar-
ticle doit étre accompagnés d’un resume.

Les articles soumis pour publications doivent &tre remis en
trois exemplaires dactylographiés et ne pas dépasser 25 pages des
Communications, les dessins et figures portes sur les feuilles sé-
parées devant pouvoir étre reproduits sans modifications.

Les auteurs recoivent 25 extraits sans couverture.

I’Adresse : Dergi Yaym Sekreteri,
Ankara Universitesi,
Fen Fakiiltest,
Begevler-Ankara



DEDICATION TO ATATURK’S CENTENNIAL

Holding the torch that was lit by Atatiirk in the hope of advancing
our Country to a modern level of civilization, we celebrate the one
hundredth anniversary of his birth. We know that we can only achieve
this level in the fields of science and technology that are the wealth
of humanity by being productive and creative. As we thus proceed,
we are conscious that, in the words of Atatiirk, ““the truest guide”
is knowledge and science.

As members of the Faculty of Science at the University of Ankara,
we are making every effort to carry out scientific research, as well
as to educate and train technicians, scientists, and graduates at every
level. As long as we keep in our minds what Atatiirk created for
his Country, we can never be satisfied with what we have been able to
achieve. Yet, the longing for truth, beauty, and a sense of responsibility
toward our fellow human beings that he kindled within us gives us
strength to strive for even more basic and meaningful service in the
future.

From this year forward, we wish and aspire toward surpassing our
past efforts, and with each coming year, to serve in greater measure
the field of universal science and our own nation.



On The Degreé Of Approximation Of Continuous Functions
by
PREM CHANDRA
(Received on April 25, 1979 and accepted on May 29, 1980)

ABSTRACT

In this paper the author has obtained the degree of approximation of a 2x-periodic
function f of the class Lip o, O<a<<1, by Eulermeans of its Fourier Series. He has
further shown that this degree of approximation is best possible in certain sense.

1. Let f be 2r -periodic and L-integrable over [~ m,x].
The Fourier series associated with f at a point x is

(1.1) % 4 ) (ajcos nx + b,sin nx).

A function f e Lip « (2>0) if
(L) f(x+h) - f(x) = O ( |h .

Let {s5,} be a sequence of partial sums of the given series
% ¢y, where s, = ¢, + ¢.+ ... + ¢,. Then (E, q} (g > 0) -means
n=g
of {s,} are defined by ( [4], p. 180)

13) A+ @) s,
. =0

The (E, q) means for g> O are regular ( [4], p. 179).
Throughout this paper K’s will denote positive constants.

2. INTRODUCTION. The following theorem on the degree
of approximation of a function f, belongingto the class Lip « by
the (C, 3) - means of its Fourier series is proved by Alexits

(1], p.301):
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Theorem A. If a periodic function f belongs to the class
Lip o, then the degree of approximation of (C,3)-means of its
Fourier series for 0 <<a <8 <1 is )

S 0 n %, for O <a<<d< 1;
(2.1) max |[f(x)-o0,5x) [:e

0<x<2x O(n-2logn)for O <o <81,

where 6,%(x) are the (C, 3) — means of the partial sums of (1.1).

By extending the above result, the present author [2] proved
the following theorem:

Theorem B. The degree of approximation of a periodic func-
tion f with period 2 = and belonging to the class Lip o, by (R, p,)-
means of its Fourier series is given by

0{(Lye}; 0<a< 1

P,
(2.2) max [ £(x)-Ty(x) | = p
0<x<?2xn Pn ny, . __
0, loe Pn ra=1

where (R, p,) — means are regular and 0<< p, ! (monotonic inc-
reasing) with n > n, and T, (x) are (R, p,) -~ means of the partial
sums of (1.1).

It may be observed that the means generating sequences in
the above theorems are involved either implicitiy. or explicitly
in the order of approximation. In this paper we obtain the fol-
lowing theorem which provides the degree of approximation free
from the means generating sequence:

THEOREM. The degree of approximation of a periodic
function f with period 2 = and belonging to the class of Lip «,
0 < « < 1, by Euler-means of its Fourier series is given by
(2.3) max | f(x) - t9,(x) | = O (n"¥%s

O0<x<2n
where 19,(x) are (E, q) (g > 0) —means of the partial sums of
(1.1). However the inequality (2.3) is best possible in the sense
that there exists a positive constant K such that

(2.4) max | f(x) -t9(x) | = K n %"
0<x<2m

(n > n,)
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3. For the proof of the theorem we shall require the follo-
wing lemmas:

LEMMA 1. Let 0 <t < n. Then

(1+q) " {1 +q+2q cos t}° <exp {~2nqt?/ (= (1+q) )}.
PROOF. We have

(1 4q) S ,
since
sin—! f\/& sin §t > ?X; sin Lt
> %g_ ‘:T O <t <n),
where é 519110 % is decreasiﬁg in0 <6 < }rand its minimum

<

.2 . 2
value mn (0, } =) is — so thatsind < — 0.
7 T

However, for 0 <t <,

2tV _
0 << 7-1:(1——}—(1) << g N7
therefore, we have (see Hardy [4]. p. 364)
. 2tvq 122 ;
cos m < exp 1-2qt?/ (x (1 4q) )}

and hence the proof of Lemma 1 follows.
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LEMMA 2. Let 0 <t < i— B, where B is strictly less

than } =. Then

A +q)"(1 +9*>+ 2q cos t);’ > exp {-nqt’n’sec’p [ (8 (1+q)?) }
PROOF. We have
log ((1-y)™) <y/(1-y) (0<y<]l).

Therefore, on replacing y by sin?6 (0 < 0 <8 < } =) in the above
inequality and simplifying, we get

log sec? 8 < tan?0
< 0%ec?
or cos 0 > exp {~ 1 0%ec’B}.

And, as in Lemma 1,

(1+9) (1 +¢ + 2q cos 1)2" = (cos 7)1,

where
. 249 . . 2 nVEsin%t)
poamt 1 1 = -1 ———
A sin ( 1+q 51n§t) s1n, ( = (1 +q)
v
—Y i sin 1t
< T+q sin 3
T q
<2 Tiq "
< 0 <t < 4
<p(0<r=—tp)
Hence
cos z > cos {m q%’t/2 {1-+q) }
{ = qt’secp |
R R RUE

from which we may follow the proof of Lemma 2.
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4. PROOF OF THE THEOREM. To simplify the proof of

the theorem, we use the following notations:

P (qtn) = (14+q"1+q*+ 29 éos t)%"
Q (q.t) = tan !{sin t/ (q--cos t) }
a = 2q/ (m (14q))*
b = qr*/2(1+q) )
We have
1 T . .
W) -1 = — [ 2R o a,
where
Oty = }{f(x+t) +f(x-t)-2{f(x)}

Then (E, q) ~ transform of {s (x) - f(x) } will be given by

A+ £ @ ) - £ ()}

which equals to
) - £(x).
Therefore

~ _ 1 00 (n o
ti(x) - f(x) = T j Smlt (szo (#)q™*sin (k+3$) t ; dt,

|-

=1

and spliting up the integral jm into the sub-integrals J\ and
(4]

(4]

L and dgnoting them respectively by I, and I,, we obtain that

Vn
[ f(x) -tix) | < L] + | L]
Now
1
| F OO e § !
max 1| < max s L 14" 2 (PHg** ¢ dt
ngghl | = max . \( 0" 2 ®g S
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= max j\/n lg-l—ldt

sin 3 t

— 0 (%%
and, proseeding as in Chandra [3]; (3.2), we obtain that

51n1t

1 < J L2 |1 pgen) sin {3t + nQ (q) } [de
\/n

< j I P (q,t n) d
\/n
= 0 % j . {sinx (%t)l exp (—ant?) dt
(by Lemma 1)
= .
BTN M L C IR RN
O(n 1 tsin Jt ot { bkp(dnt)}dts
v
Therefore
s ( w (
. 1 Ly e !
P | _ o a2 ) _ 2
021:22?1 II?’ 7 03 - }_tt ( s { ant)‘}dts
Vi

‘ ™ / ~
= 03 n @B j ) gt exp (-nt%a)} dt s

Thus combining the results, as obtained above, we get
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ol
~—
-

i
—_—

P |

Lo

~

max | f(x) - tdx) | = O (n2

0<Ix<2m

This completes the proof of (2.3).

13

To prove {2.4), we suppose that § is a small number less than

1 /4. Then we write

n ] f(x)-t3(x) | = | jn STCI:;’% {(14q) " kgo(:)qn_ksin (k Lt} dt]
() (e e o

. sin (k+3) tg dt ) |
= | Ji+ J,+ J;| (suppose)
= [l = 1= T3l
Proceeding as mn | I, |, we get

max [J,| < Kn=

0<<x<{2m _

and proceeding as in | I,|, we get

Vo (Fasd 0 oo
max ,J#:O)%J.tocb ~ —— exp (-ant’) ('dt
D<x <2 ’ { 5 |7 o )

(1 TFS o ! }
= 0 )_n— JS (~ E—exp(-ant)g dts
~ 0 (J.)
n
therefore
max [J.] < K,/n.
0<x <27
Now
B}
13,0 > ]2 jl ® () t P (qtm) sin { § t+nQ (qb)} dt |
i
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| j; D, (t) {cosec 3t~ 2/t} P (q.t,n).

.sin{} t + nQ (q,t) } dt]-
= 2 [Jy,]| = [ 1] say.

/

However
S
max | Jz,’l == Os {‘ t+% P (q,t,n) dt}
0<<x<2rw - ? d%
8 .\
= i w ). T . !
Ogn Lllt | P exp(ant)<dti

(by Lemma 1)

s0 that
] Jz,z! < Kz,z/n-
Now, by the hypothesis, there cxists a constant K, > 0 such tahat

- Ko< @ {t) < K2
therefore

Kio< @ (1) + 2 Kg*
and hence

i |
[Tl > 1| P 2R gty sin (3 100 () dt )
1
n

3
~2K,] j | U P (qtn) sin (§ t4nQ (qot) ) d |
n
= | JZ;I,li -2 K, Joyi21s say.

However t* ! P (q,t,n) is positive and non-increasing in
fi <t < 3, therefore by the second mean valuce theorem
; 5

Jo, 0= 0P (q, 4, n) jl sin (} t4nQ (q,t) dt
1
(' =<5 <3
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= 0 ()
so that
max 2 K,]| Jz,ml < K,,,,,n”
0<x<2m

And, by the first mean value theorem

(qot’) | j "(t)+2Kt P(q,tn) dt
(n<t <39) i}

[0yl =

-
®,(1) . 2K b (qton) dt

1=

3
=fom (3 U4 nQ (e1) ] |

4/

=

2

> K, | sin {%t' +nQ (q.t") } | jﬁ t%-1P (q,t,n) dt

=

B

iv4

——
o9

1=

> K, |sin{}t +nQ(q.t)} | 1%L exp (-bnt?) dt

<
=

(by Lemma 2)

—1lo
> K, n?

— 25151 ?

where the constant K, , depends upon sin { § t' + nQ (q.t’) }
and other parameters. However the integeral J,  is not zero,
therefore the constant K, | is positive.

Now, collecting the results we get

max T I f(x) - ta(x) I = Kz,mnﬁ%a" (K, + Kz,z,z) n—%
0<x<2m
- (K;+ K, ) /m
~la
= K,,,n 2~ (K, + K, +K;, + K, /m

= n

Kol

o
06[ 25151 -(K,+ K, + K2,2+ K2,1,2)/n E ]

And, for any given constant K’, such that

K K' >0

24151
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we can find a positive number n,= n, (K’) such that
(K,+ K, + K, ,+ K. n?* "< K’ for n > n,.
And, hence writing K for ;Ic“ (K,,,,~ K'), we get
max | £(x) - t3x) | > Kn @ > ny
0<x<2r

This completes the proof of the theorem.
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