COMMUNICATIONS

DE LA FACULTE DES SCIENCES
DE L'UNIVERSITE D’ANKARA

Série A,: Mathématique

TOME 24 ANNEE 1975

A Characterization of Inclined Curves in Euclidean n-Space

by
E. OZDAMAR and H. H, HACISALIHOGLU

3

Faculté des Sciences de [’Université d’Ankara
Ankara, Turquie



Communications de la Faculté des Sciences
de YUniversité d’Ankara

Comité de Rédaction de la Série A,
C. Ulugay, E. Erdik, N..Dogan
v - Secrétaire de p@lication o
7z Tifekgioglu

~—-Lia -Revue -“Communications-de-la -Faculté- des Sciences—de
PUniversité d’Ankara” est un organe de publication englobant
toutes les disciplines scientifiques représentées a la Faculté.

La Revue, Jusqu’a 1975 & I’exception des tomes I, II, III,

était composée de trois séries:
" Série ‘At Mathématique, Physique et Astronomie. .~ = -
Série B: Chimie.
Série C: Sciences naturelles.

A partir de 1975 la Revue comprend sept séries:
Série A;: Mathématique

Série A,: Physique

Série A;: Astronomie

Série B : Chimie

Série Ci: Géologie

Série C,: Botanique

Série Cs: Zoologie

En principe, la Revue est réservée aux mémoires originaux
des membres de la Faculté. Elle accepte cependant, dans la mesure
de la place disponible, les communications des auteurs étrangers.
Les langues allemande, anglaise et francaise sont admises indif-
féremment. Les articles devront étre accompagnés d’un bref som-
maire en langue turque.

g

o

Adres: Fen Fakiiltesi TeBliéler“Dergisi"’FenTakiiltesi, Ankara, Turquie.



A Characterization of Inclined Curves in Enclidean n-Space

by
E. 0ZDAMAR and H. H. HACISALIHOGLU*

(Received, 14 January, 1975)
ABSTRACT

‘We define the harronik curvatures H;, 1T < i< n2, ofacurve Xinn-dimensio-
nal Euclidean space E”. We genecralize the inclined curves (Boschungslinien) of E? to
E™ and then give a characterization for the inclined curves in E":

R, :
A curve X is an inclined curve <= X H% = constant.
=1

L. Basic Concepts
Basic concepts for this paper are the summaries of [2] and [4].
Definition 1.1:

In E®, n-dimensional Euclidean space, a curve is an image
of a diffeomorphism

X :1I—> E?,
where I is an open segment of a straight line.
Definition 1.2:
Let X : I —— E™be a parametrized curve with parameter t.
Let J be another interval with parameter s, and let

Y X
J I - En

where Y has a nonvanishing Jacobian. Then XoY is a para-
metrized curve with parameter s. The curve XoY is called
a reparameterization of the eurve X,

* The members of The Science faculty of Ankava University.
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Definition 1.3:
Let X: I

s. The parameterization X is called the arc-length parameter

- E™ be a parametrized curve with parameter
if X, (_é@g_) has length one in TEn(X(s)) for all s € I; where

X, (-%—) is the tangent vector to the curve X and TE,,(X(S))

denotes the tangent space of E" at the point X(s) € E™.

We need the following well-known theorem [1].

Theorem 1.1:
A parameterized curve can always be reparameterized by

arac- length parameter.

Theorem 1.1 says that, in. general, we can have the arc-length
parameterized curve X(s) with arc-length parameter s as a para-
meterized curve in E".

For I, an open interval in the real line ¢, we shall interpret
this liberally to include not only the usual type of open interval
a <s <b (a, b real numbers), but also the types of a <s (a
half -line to — o0), and also the whole real line. Henceforth we do-
neto an arc-length parameterized curve of E” by a map

X:1I——E"
which is a C* parameterization by arc-length.

We assume that each point X(s), of the curve X, the derived
vectors

(X' (s), X (8), ooy XO (5) },

are linearly independent, where

d: X
(1} —
i (8) eers XO (s) I (s).

Therefore there exists an algorithm, called the Gram-Schmidt
process, for converting the vectors

X'(s) 5 oo, X0 (s)

into an orthonormal basis

X(e) =52 (), X6 =
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{V,(5)s Va(8)ss woos Vils) } i

of the tangent space Tga (X(s)) of E™ at the point X(s) e Fn,
This system is called the Frenet r-handed (or r-frame) of the curve
X at the point X(s) [2].

If we denote the inner product (dot product) E* x E*——> ¢
over E" by <, >> we have that

< Vi 9 Vj > = 81]

and then the derivatives of the frame vectors satisfy the follo-
wing Frenct Equations:

V= k_ Vi, + k Vi, ,2 <i<ra
(I.1) vVi=kV,
V,r = - kr-] Vl‘—l

where k; = k; (s), 1 <i <r-1, is the curvature, with order i, of
the curve X, at its point X (s) [2].

II. Inclined Curves And Its Characterization

a) The Inclined Curves In E".

In E, we give a definition of inclined curves (béschungslinien)
as a generalization of their definition, in E? which is given by E.

Miiller [31]:
Definition II. I:

Let X:I —— E" be a curve in E® with the arc-length para-
meter s and u be a unit constant vector of E, Forallsel,if

(II1) < X’ (8) , u> = cosp = constant , ¢ * %-

then the curve is called an inclined curve in E®; where X'(s)
is the unit tangent vector to the curve X at its point X(s),
and ¢ is a constant angle between the vectors X’ and u.

In our generalized Definition II. 1, we add the condition
that ¢ # '2l which is not belong to the definition given by

E. Miiller [3]. If ¢ = = | 2 then every curve of an hyperplane
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is an inclined curve, so every curve in E® can be an inclined curve
2

in E7+! | In this ecase the characterization for the inclined curves
is obvious, so we do not include the special case ¢ = = [ 2 .
b) Harmonic Curvatures Of A Curve in E".

Now to characterize that a curve in E® to be an inclined curve
we define the concept of the harmonic curvatures, for a curve in
E=, which is known, in the case n = 3, as the ratio

first curvature

second curvature
Definition II. 2:

Let X: I —— E® be a curve in E" with an arc-lenght para-
mater s and u be the unit constant vector. Let

(Vi(s)y ooy Vi(8) 5 X(s)) ,3<r <

be the Frenet r-frame of X at its point X(s). If the angle,
between X’ (s) and u, is ¢ = ¢(s) we define the function

H:1—¢ ,3<1 <12
by '
<Yi+2 (s) » u> = H; (s) cosg
as the harmonic curvature, with order i, of the curve X at
its point X(s) . We define also
H, =0.

[}

If the curve X is an inclined curve then we give the follow-
ing theorem which gives the relations of the curvatures H; with
each other.

Theorem II.1:

Let X: I —— E" be an inclined curve in E® with an arc-length
parameter s, k; (s) be the curvature of X, with order i, o; ==
1/k(s) and H; (s), 1 < j < r-1, be the harmonic curvature
with order j. Then we have

(1L.3) H = Lk/k,

(11.4) H=[H, +H_,k]o,y,.2<j<n-2.
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Proof: ST
Let u be the constant unit veetor such that
<X'(s) , u>> = cosp = constant, for V's € I

Differentiating this, with respect to s, we obtain that .

(IL.5) 1 <Vi,u>=
or i :
(II. 6) k <V,, u> =

where k, 3 0, in other case all of the other curvatures must. be
zero [2] Then (II. 6) gives us that '

(I1.7) <V, , u> =

Again, differentiating (II. .7), thh respect to s, and using the
Equations (I. 1) we obtain

(I1.8) <k V,+ k V,,u> =
and so from (II 2 ) we have
cosq; H, = <V3 ’ u> %1—- cosQp »
2 < oo
or S : ’ Lo
H](S) = k] (S) / kz (S)
which is the only harmonic curvature of a curve in E? . This is

the first one in the space E“ n > 3 and we have hlgher harmonlc
curvatures. .~ = ‘

‘For thé higher harmomc curvatures let dlfferentlate the Equa-
tion (11.2), with respect to s, then we have o

—kiV + k;+1 Vi+2 y u> = Hi coso
or
“k; <Viu> ki, <Vig,,u>=H';_ cosp <
and then _ A
= [l +H_klo, ,2 <i <n-2
which completes the ‘proof. |I| g7

Remark:

If we take i’ = r - 2,:in (II. 2), we obtain -~ * ‘¥ -
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(I1.11) H, ,cos9 = <V, , u>

and differentiating it, with respect to s, we have
(IL.12) -H,y = H,, 6, .

On the other hand for j = r -1, (II. 4) gives us
(I1.13) H_, = [H,,+ H_ k_]o,.
Replacing (II. 12) in (II. 13) we see that
(11.14) H,_ =0,

Since we we have r- handed Frenet frame at every point X(s) eX
it must be that

(11.15) k. (s) = 0,
and so (II. 14) says that H,_, (s) is indefinite in this case.

According to Theorem (II. 1) the functions H; are not depen-
dent on the choices of the vector u.

c) A Characterization For The Inclined Curves in E".

An inclined curve in E® has a characterization in terms of
its harmonic curvatures. We glve this characterization in the fol-
lowing theorem

Theorem II. 2:

Let X: I —> E® be a curve in E” such that there exists a
Frenet n-frame, at its every point X(s). If s is the arc-length
parameter and Hy, 1 < j < n-2

are the harmonic curvatures at the pomt X(s) of th ecurve X
then we have:"

The curve X is an inclined curve <=5
(11.16) ?321 H? (s) = constant.

Proof. (Necessity): Let X : I —-> E® be an inclined curve.
Then there exists a constant unit vector u for the curve X such
that

< X’ (8), u> = cosp = const., for Vs el.
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Thus, acco‘rdingjto*’the basis, which is Frenet n-frame
(Vl’ Vy e Vit X(s))

at the pomt X(s)eX, we can express the unit vector u as follows
(II.17) u = X <V i(s) , u> V; (s).

Replacing (II. 1), (IT, 2) and (II. 7) in (II. 17) the condition
(IL. 18) Hu || =

gives us that .
. . o
cos’ ¢ + I H? (s) cos? ¢ = 1
i=1
orsince g ¥ w [2isa constant angle--

(11.19) b H? (s) = tg’¢ = constant . _
i=1
which completes the proof of the necessity.

Sufficiency: Let X: I —— E® be a curve in E" such that its
harmonic curvatures satisfy the relation

) H%(s) = a (constaht)

i=1

at every point X (s) € X. Then we can find an angle @ € (0, 2r)
such that tg> ¢ =

. Using the abpve notations, let define a vector u as follows
(I1.20) u = cosqV,(s) + .%3Hi_2(s) cosp V, (s).

The vector u is a constant vector:

From (II. 20) we ﬁmay write that

1 du

(I1.21) = V0 + £ H ) Vi) + 2 Hi(s) Vi)

cosgp
and wh_ere taking j = i — 2 and using (I. 1) we obtain

(I1.22)  V'y,,(s) = Ky, (8) V() + kyi(s) Vyig(s)-

From (I1.4) we can calculate
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(I1.23) H'(s} = -k, (s) H;_(s) + Kyo(s) Hyyls)
and replacing it in (I1.22) we have that

du 4 n-2 : :
4 = kV, + ji (e Hyoy + ko Hyy 1 Vi,

-1
(11.24) cosp ds

n—2 _
-+ j)=:1 H; [k, Vi, + ki, Vi e

Sinee we know that
H =k/k ,V.,=k .V,,H = 0and H_ = 0
(I1.24) reduces to

1 du
cosgQ ds

which says that u is constant vector.

u is a unit vector: Indeed if we calculate the norm. of u from
(I1.20) we see that

Hu || =L ,
On the other hand from (I1.20) we have that
<V,(s) , u> = cosp = constant
which completes the proof of the sufficiency. || -
d) Special Cases:

In the case n = 3 since we have just one harmonic curva-
ture which is

Hs) =k () [ K, (5)
the condition (I1.19) reduces to
B =K |k, = tg
or

’ k(s) B
(IL.25) e tge = constant.

which is well-known in the classical books about the differential
geometry, for example [3].
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OZET
E™ n-boyutlu Okld uzaymda bir X egrisinin H,, 1< i < n-2, harmonik egriliklerini
ve ayrica edilim ¢izgilerini tammladik. Sonra bu cizgilerin karakterizasyonunu H; har-

monik egrilikleri cinsinden verdik:

n-
X egrisi bir egilim cizgisidir <==> bl H? (s) = sabit.
Te=]
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